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Abstract
The superspace formulation of N = 1 conformal supergravity in four dimensions is demonstrated
to be equivalent to the conventional component field approach based on the superconformal tensor
calculus. The detailed correspondence between two approaches is explicitly given for various
quantities; superconformal gauge fields, curvatures and curvature constraints, general conformal
multiplets and their transformation laws, and so on. In particular, we carefully analyze the
curvature constraints leading to the superconformal algebra and also the superconformal gauge
fixing leading to Poincare´ supergravity since they look rather different between two approaches.
1 Introduction
N = 1 supergravity (SUGRA) in four dimensions has been important as giving a boundary
theory around the unification scale for constructing viable phenomenological models beyond the
standard model. It has also become to have increasing importance as low-energy effective theory
of superstring and as a tool for analyzing supersymmetric gauge theories on curved backgrounds.
However various explicit calculations, e.g., the construction of SUGRA Lagrangian, are com-
plicated and non-trivial. The simplest and most convenient method is presumably the supercon-
formal tensor calculus, which was developed by Kaku, Townsend, van Nieuwenhuizen, Ferrara,
Grisaru, de Wit, van Holten and Van Proeyen [1]-[6]. It is a set of rules for constructing invariant
actions under local superconformal transformations; that is, superconformal gauge fields including
gravity and gravitino and various types of matter multiplets, their transformation laws, multi-
plication rules, and superconformal invariant action formulas. The power of the superconformal
tensor calculus comes from larger symmetry than the usual Poincare´ SUGRA. Indeed its power
as a practical computational tool was clearly demonstrated in Ref. [7] for computing the action
for the general Yang-Mills-matter coupled SUGRA system.
Kugo and Uehara (KU) have presented [8] the superconformal tensor calculus in the most
complete form, and discussed the spinorial derivative Dα for the first time in the component field
approach. They found that a special condition on an operand multiplet VΓ must be satisfied so
that its spinorial derivative DαVΓ exists and gives a conformal multiplet. The condition depends
on the spinor index α of Dα and the Lorentz index Γ of the operand VΓ, and KU implicitly
suspected that the superspace formulation might not exist for the conformal SUGRA.
Nevertheless Butter [9] has recently presented a superspace formalism of the conformal SUGRA.
Contrary to the previous expectation, his formalism realizes a simpler algebra of covariant deriva-
tives than any other superspace Poincare´ SUGRA:
{∇α,∇β} = {∇¯α˙, ∇¯β˙} = 0, {∇α, ∇¯β˙} = −2i∇αβ˙ . (1.1)
Requiring this algebra together with several constraints on curvatures in the vector-spinor direc-
tion, he succeeded in constructing a superspace counterpart of the conformal SUGRA in com-
ponent approach. The covariant derivatives ∇A = (∇a, ∇α, ∇¯α˙) can be freely applied on any
superfield with no restriction and are identified with the transformations PA = (Pa, Qα, Q¯
α˙) of
superconformal group. The reason why KU’s spinorial derivatives could not be freely applied
turns out that KU required an extraneous condition that the derivative again give a primary
multiplet.
Since the superspace formalism manifests supersymmetry in a geometrically clear way, it gives
transparent and powerful means to treat the systems in new situations such as finding non-linear
realization, brane world, decomposition of higher N supersymmetry, partial breaking of local
supersymmetry, massive SUGRA, etc. On the other hand, one needs to write down the action
explicitly in terms of component fields, which could be done most easily and efficiently with the
tensor calculus. That is, we have two approaches to the conformal SUGRA, one is the superspace
approach based on the conformal superspace and superfields, and the other is the component
approach based on the superconformal tensor calculus. Both approaches have their own strong
and weak points. In order to use the advantages of both approaches, it is desirable to see the
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correspondence between them. The purpose of this paper is to show the equivalence of two
approaches by making the detailed correspondences manifest.
This paper is organized as follows. In section 2, we recapitulate the essential parts, first, of the
superconformal tensor calculus in component approach, and then, of the conformal superspace
approach. We use the individual notation for each of these approaches and separately give a
dictionary between them for the convenience of reading the references.
In section 3 we explicitly present the correspondences of various quantities. We first discuss
gauge fields and curvatures in Sec. 3.1 and show how all the curvature constraints in component
approach are satisfied in superspace approach, although the constraints look rather different from
each other. The same superconformal transformation algebras are realized in both approaches
under these curvature constraints. We then discuss the component fields and transformation
rules for a conformal multiplet with arbitrary external Lorentz index in Sec. 3.2, and the chiral
projection and the invariant action formulas in Sec. 3.3. We analyze in Sec. 3.4 the compensated
(or u-associated) derivatives which map a primary superfield to primary one. There we also
discuss the KU’s restriction on the spinorial derivatives.
In section 4, we investigate the matter-coupled SUGRA system and the superconformal gauge
fixing to Poincare´ SUGRA, mainly from the superspace viewpoint. We discuss the superspace
counterpart of the KU’s gauge fixing which leads directly to the canonically normalized Einstein-
Hilbert (EH) and Rarita-Schwinger (RS) terms. The correspondence to the component approach
is non-trivial since the gauge invariance in superspace approach is much larger than the component
approach, and the gauge fixing written in terms of superfields give more fixing conditions than the
component case. One remarkable fact is that the covariant spinor derivatives remaining after the
gauge fixing automatically reproduce the complicated supersymmetry transformation in Poincare´
SUGRA. The final section is devoted to the summary. We add three appendices. The notations in
the component and superspace approaches are summarized separately and the dictionary between
them is given in appendix A. The standard form of supersymmetry transformation law for
the general conformal multiplet with arbitrary external Lorentz index is cited for convenience
in appendix B. We present in appendix C some explicit computations which are necessary in
deriving the results in the text.
2 Conformal SUGRA
We first briefly review the component and superspace approaches for D = 4, N = 1 confor-
mal SUGRA. In both approaches the conformal SUGRA is constructed as the gauge theory
of superconformal group. The Lie algebra of the superconformal group contains the following
elements: translation Pa, supersymmetry Q, Lorentz transformation Mab, conformal boost Ka,
supersymmetry of conformal boost S, dilatation D and chiral rotation A.
2.1 Component approach
In this subsection we review the component approach. For the component approach part in this
paper, we use the notations and conventions of Ref. [8], which are the same as those of Ref. [10]
except for two-component spinors and the dual of anti-symmetric tensors. The detail of the
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notations is summarized in appendix A. The superconformal algebra consists of 15 bosonic and
8 fermionic generators, which obey the following graded commutation relations:
[Mab,Mcd] = −Madδbc +Mbdδac +Macδbd −Mbcδad,
[Mab, Pc] = −Paδbc + Pbδac, [Mab, Kc] = −Kaδbc +Kbδac,
[D,Pa] = Pa, [D,Ka] = −Ka, [Ka, Pb] = 2δabD + 2Mab,
{Q,QT} = −1
2
(γaC
−1)Pa, {S, ST} = 1
2
(γaC
−1)Ka,
[Mab, Q] = σabQ, [Mab, S] = σabS,
[D,Q] =
1
2
Q, [D,S] = −1
2
S, [A,Q] = −3
4
iγ5Q, [A, S] =
3
4
iγ5S,
[Ka, Q] = −γaS, [S, Pa] = −γaQ,
{Q, ST} = −1
2
C−1D +
1
2
σabC−1Mab + iγ5C
−1A.
(2.1)
All other commutation relations vanish. The generators are generically denoted as XA and the
above commutation relations are written as
[XA, XB} = −fABCXC . (2.2)
Note that these generators represent the active operators transforming fields, not the representa-
tion matrices. The commutation relations change the signs if written for representation matrices
instead of active operators. In the conformal SUGRA, the superconformal symmetry is treated
as local symmetry. The corresponding gauge fields and transformation parameters are given by
hµ
AXA = eµ
aPa + ψ¯µQ+
1
2
ωµ
abMab + bµD + AµA + ϕ¯µS + fµ
aKa, (2.3)
ǫAXA = ξ
aPa + ε¯Q +
1
2
λabMab + ρD + θA+ ζ¯S + ξK
aKa. (2.4)
In component approach, the Greek letters µ, ν, ... denote the curved vector indices and the Roman
letters a, b, ... the flat Lorentz indices. The group transformation laws of the gauge fields under
the superconformal symmetry are
δgroupB (ǫ
B)hµ
A = ∂µǫ
A + hµ
BǫCfCB
A. (2.5)
The curvature of the superconformal algebra (before the deformation below) is
RAµν = ∂νhµ
A − ∂µhνA + hνBhµCfCBA. (2.6)
The Pa translation is deformed so as to be related to the general coordinate (GC) transformation
δGC as
δP˜ (ξ
a) := δGC(ξ
µ)−
∑
A 6=P
δA(ξ
µhµ
A), (2.7)
where ξµ = ξaea
µ, and ξa is a field-independent parameter. In order to have [δQ, δQ] ∼ δP˜ , several
constraints on the curvatures are imposed:
Rµν(P
a) = 0, (2.8)
3
Rµν(Q)γ
ν = 0, (2.9)
Rνλ(Mab)e
aλebµ − 1
2
Rλµ(Q)γνψ
λ +
1
2
iR˜µν(A) = 0, (2.10)
where R˜µν is the dual of Rµν . By these constraints, the Mab, S and Ka gauge fields (ωµ
ab, ϕµ
and fµ
a, respectively) become dependent fields expressed by other independent gauge fields. The
Q transformations δQ(ε) of the dependent gauge fields are determined by those of independent
gauge fields, and they deviate from the original group transformation δgroupQ (ε) as
δQ(ε) = δ
group
Q (ε) + δ
′
Q(ε). (2.11)
The deviation part δ′Q(ε) is given by
δ′Q(ε)ωµ
ab =
1
2
Rab(Q)γµε,
δ′Q(ε)ϕµ =
1
4
iγν(γ5Rνµ(A) + R˜νµ(A))ε,
δ′Q(ε)fµ
a = −1
2
Rcovνµ (S)σ
aνε− 1
4
eaνR˜covνµ (S)γ5ε,
(2.12)
where
Rcovµν
A = Rµν
A + δ′Q(ψµ)h
A
ν − δ′Q(ψν)hµA. (2.13)
Note that the RHS of Eq. (2.12) are given by εecµfQPc
X with X = Mab, S, Ka. So they can
be regarded as the deformation of the algebra by changing the structure constant of [Q, Pc]
commutator from (originally) zero to the non-vanishing fQPc
X for X =Mab, S, Ka.
The resultant commutation relations are the same as the original ones
[δA(ǫ
A
1 ), δB(ǫ
B
2 )] =
∑
C
δC(ǫ
A
1 ǫ
B
2 fBA
C), (2.14)
for all A and B, if Pa on the RHS of Q-Q commutator is understood to be P˜a:
[δQ(ε1), δQ(ε2)] = δP˜
(1
2
ε¯2γ
aε1
)
. (2.15)
Moreover, the definition of P˜a transformation leads to
[δP˜ (ξ
a), δQ(ε)] =
∑
A=M,S,K
δA(ξ
aδ′Q(ε)ha
A) =
∑
A=M,S,K
δA(ξ
aεαfQαPa
A),
[δP˜ (ξ
a
1), δP˜ (ξ
b
2)] =
∑
A 6=P
δA(ξ
a
1ξ
b
2R
cov
ab
A),
(→ fPaPbA = −Rcovab A) (2.16)
where α = (α, α˙). The superconformally covariant derivative on fields carrying only flat Lorentz
indices is defined through the P˜a-transformation as
ξaDaφ := δP˜ (ξ
a)φ = ξaea
µ∂µφ−
∑
A 6=P˜
δA(ha
A)φ. (2.17)
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Next, we introduce superconformal multiplets. A general conformal multiplet VΓ is a set of
(8 + 8)× dimΓ complex fields,
VΓ = [CΓ, ZαΓ, HΓ, KΓ, BaΓ, ΛαΓ, DΓ], (2.18)
where Γ represents arbitrary spinor indices Γ = (α1, ..., αm; β˙1, ..., β˙n) and dimΓ is the dimension
of Lorentz representation of Γ. The first component CΓ is defined to have the lowest Weyl weight
in the multiplet so that its transformation law is given by
δQ(ε)CΓ = 1
2
iε¯γ5ZΓ, δM(λab)CΓ = 1
2
λab(Σab)Γ
ΣCΣ =: 1
2
λab(ΣabC)Γ
(
δD(ρ) + δA(θ)
)CΓ =
(
wρ+
1
2
inθ
)
CΓ, δS(ζ)CΓ = δK(ξaK)CΓ = 0.
(2.19)
Here Σab is the representation matrix of Lorentz generator which CΓ belongs to, and w and n are
the Weyl and chiral weights of CΓ. The S and Ka transformations must annihilate the lowest
weight component CΓ since they lower the Weyl weights of operands. The Q transformation
law δQ(ε)CΓ = 12iε¯γ5ZΓ simply defines the second component ZΓ. All the higher components
in the multiplet and their superconformal transformation laws are determined by demanding
the superconformal algebra to hold on them, aside from some arbitrariness in defining higher
component fields. The Q transformation laws of all component fields are summarized in (B.1),
which also fix the definition of higher component fields. We call the transformation laws (B.1)
the standard form. Since the first component CΓ specifies the whole multiplet, we denote the
conformal multiplet VΓ using the first component as
VΓ =
(CΓ). (2.20)
A constrained-type multiplet also exists as a conformal multiplet if some conditions are met
on Weyl and chiral weights and also on its Lorentz representation. The chiral multiplet Σ
(w,n)
Γ ,
for instance, exists only when the Weyl and chiral weights (w, n) satisfy w = n and the Lorentz
index Γ is made of purely undotted spinor indices; then the chiral multiplet has (2 + 2)× dimΓ
complex components denoted by
Σ
(w=n)
Γ=(α1···αl)
= [AΓ, PRχΓ, FΓ] . (2.21)
These three components of a chiral multiplet are embedded into a general conformal multiplet
in the form V(ΣΓ) = [AΓ,−iPRχΓ,−FΓ, iFΓ, iDaAΓ, 0, 0], so that their Q and S transformation
laws are given by
δQSAΓ =
(
δQ(ε) + δS(ζ)
)AΓ = 1
2
ε¯RPRχΓ,
δQSPRχΓ = (−1)Γ
(
γaDaAΓεL + FΓεR +
(
2wAΓ − (ΣabA)Γσab
)
ζR
)
, (2.22)
δQSFΓ = 1
2
ε¯Lγ
aDaPRχΓ + ζ¯R
(
(1− w)PRχΓ − 1
2
σab(Σ
abPRχ)Γ
)
.
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For the multiplet V(w,n)Γ with purely undotted spinor Γ satisfying w = n+2, the chiral projection
operator Π exists and
ΠV(w,n=w−2)Γ =
[ 1
2
(HΓ − iKΓ), iPR(γaDaZΓ + ΛΓ), −1
2
(DΓ +CΓ + iDaBaΓ)
]
(2.23)
gives a chiral multiplet with the Weyl and chiral weights (w + 1, w + 1). Here  = DaDa is the
superconformal d’Alembertian.
The superconformal tensor calculus gives the superconformally invariant action in simple
forms. The F-type invariant action formula is applied only to the chiral multiplet Σ =
[A =
1
2
(A + iB), PRχ, F = 12(F + iG)
]
satisfying w = n = 3 and carrying no external Lorentz index.
The action is given by
∫
d4x
[
Σ(w=n=3)
]
F
=
∫
d4x e
(
F +
1
2
ψ¯aγ
aχ+
1
2
ψ¯aσ
ab(A− iγ5B)ψb
)
. (2.24)
The D-type invariant action formula is applied only to the real and Lorentz-scalar multiplet
V =
[
C, Z, H, K, Ba, λ, D
]
with w = 2 and n = 0. The action is derived from the F-type
formula with the chiral projection operator Π as
∫
d4x
[
V (w=2)
]
D
=
∫
d4x
[−ΠV (w=2) ]
F
=
∫
d4x e
(
D +C − 1
2
iψ¯aγ
aγ5(γ
bDbZ + λ)− 1
2
ψ¯aσ
ab(H + iγ5K)ψb
)
=
∫
d4x e
(
D − 1
2
iψ¯aγ
aγ5λ− iϕ¯aγaγ5Z + 1
3
C
(
R +
1
e
ψ¯µε
µνρσγ5γν
(
∂ρψσ +
i
4
ωρ
abσabψσ
))
+
1
4
iεabcdψ¯aγbψc
(
Bd − AdC − 1
2
ψ¯dZ
))
. (2.25)
For the general YM-matter coupled SUGRA system, the action is given by
L = −1
2
[
φ˜(S, S¯e2VG)ΣcΣ¯c
]
D
+
[
Σ3cg(S)
]
F
− 1
4
[
fαβW¯
αW β
]
F
= −1
2
[
φ(S, S¯e2VG)Σ0Σ¯0
]
D
+
[
Σ30
]
F
− 1
4
[
fαβW¯
αW β
]
F
,
(2.26)
where Si = [zi,PRχi, hi] are the chiral matter multiplets with vanishing weights w = n = 0 and
S¯i are their conjugate. In the first term, VG means the YM vector multiplet of internal sym-
metry. The field Σc is a chiral compensator carrying weights (w, n) = (1, 1). For the system
possessing non-vanishing superpotential g(S), it is convenient to redefine the compensator as
Σc → Σ0 = g1/3(S)Σc = [z0,PRχ0, h0] so that φ becomes the combination of φ˜ and superpoten-
tial: φ(S, S¯e2VG) = φ˜(S, S¯e2VG)|g(S)|−2/3. In the third term, fαβ is a holomorphic functions of
Si, symmetric under the exchange α↔ β, and W α is the gaugino multiplet (field-strength super-
multiplet) of internal symmetry. For the YM vector multiplet, the Wess-Zumino (WZ) gauge is
imposed, and then the gaugino multiplet is constructed by the Q transformation that preserves
the WZ gauge. We denote such Q transformation as δYMQ (ε).
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To go down to the Poincare´ SUGRA, we fix the extraneous D, A, S, Ka gauge symmetries.
The so-called improved gauge-fixing conditions adopted in [7] are
D, A-gauge : z0 = z
∗
0 =
√
3φ−
1
2 (z, z∗),
S-gauge : χR0 = −z0φ−1φiχRi, Ka-gauge : bµ = 0,
(2.27)
where χR0 =
1
2
PRχ0 and χRi = 12PRχi. These gauge conditions set the first and second compo-
nents of the vector multiplet φΣ0Σ¯0 to 3 and 0, respectively, in the D-type action formula. As a
result, the canonically normalized EH and RS terms are obtained directly.
The relation between the Q transformation δPQ(ε) in the resultant Poincare´ SUGRA and the
gauge-fixed conformal Q transformation is given by
δPQ(ε) = δ
YM
Q (ε) + δA(θ(ε)) + δS(ζ(ε)) + δK(ξ
a(ε)), (2.28)
where
θ(ε) = − i
3
(Giε¯RχRi − GiεLχiL) ,
ζR(ε) = −1
2
(
h0z
−1
0 +
1
3
hiGi
)
εR − 1
3
((
Gij − 1
3
GiGj
)
ε¯RχRj + Gij ε¯LχjL
)
χRi
− 1
12
(Giγa∇azi − Giγa∇az∗i) εL + 1
4
iγaAaεL,
ξa(ε) =
1
4
(
ϕ¯aε− ψ¯aζ(ε)
)
.
(2.29)
In this expression ∇µzi is the covariant derivative of the internal symmetry, and G are given by
G = 3 log 1
3
φ(z, z∗). The indices of G represent the differentiation with respect to zi and z∗ i, e.g.,
Gij = ∂2G/∂zi∂z∗ j.
2.2 Conformal superspace
Next we review the conformal superspace approach [9]. In superspace, the supersymmetry trans-
formation can be treated as a translation in the direction of the Grassmannian spinor coordinate
on the same footing as the usual translation Pa. The (anti-)commutation relations between the
spinor covariant derivatives become complicated in Poincare´ SUGRA, whereas in conformal su-
perspace, they are as simple as in global supersymmetry. In the superspace approach part in
this paper, we use notations and conventions of Butter [9] with a few exceptions which will be
explained below. The detail of the notations is summarized in appendix A.
The superconformal algebra is the same as (2.1) given in component approach, if we perform
a suitable translation of generators between two approaches (see Table (3.1)). Here we refer to
only a few characteristic commutation relations
{Qα, Q¯α˙} = −2i(σa)αα˙Pa, {Sα, S¯α˙} = 2i(σa)αα˙Ka,
[Sα, Pa] = i(σa)αβ˙Q¯
β˙, {Sα, Qβ} = (2D − 3iA)ǫαβ − 2Mαβ,
[S¯α˙, Pa] = i(σ¯a)
α˙βQβ, {S¯α˙, Q¯β˙} = (2D + 3iA)ǫα˙β˙ − 2M α˙β˙,
with Mαβ = (σ
baǫ)αβMab, M
α˙β˙ = (σ¯baǫ)α˙β˙Mab.
(2.30)
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Note that the normalizations of Q, S, A are different from the component approach. The gauge
superfields corresponding to the superconformal group are denoted as
hM
AXA = EM
APA +
1
2
φM
baMab +BMD + AMA + fM
AKA, (2.31)
where we use the calligraphic index A for the total superconformal algebra, while the Roman
uppercase index A for the set of Lorentz vector and spinor as PA = (Pa, Qα, Q¯
α˙) and KA =
(Ka, Sα, S¯
α˙), and the index M is the set of curved indices, for example, AM = (Am, Aµ, A
µ˙). We
assume that the vierbein EM
A is invertible:
EM
AEA
N = δM
N , EA
MEM
B = δA
B. (2.32)
The gauged superconformal transformations are taken by real parameter superfields. These pa-
rameter superfields are denoted as
ξAXA = ξ(P )
APA +
1
2
ξ(M)abMba + ξ(D)D + ξ(A)A+ ξ(K)
AKA. (2.33)
The gauge fields receive the superconformal transformation δG(ξ
A′XA′) as
δG(ξ
B′XB′)hM
A = ∂Mξ
B′δB′
A + hM
CξB
′
fB′C
A, (2.34)
where the primed calligraphic index A′ means all the superconformal generators other than PA,
namely, XA = (PA, XA′ ). Note that Ref. [9] uses the different notation that XA was expressed
as XA in no distinction from A for (a, α, α˙ ), and our hM
A and hM
A′ were denoted by WM
A and
hM
a, respectively.
In the same spirit as component approach, the PA transformation is defined to be related to
the general coordinate transformation δGC using field-independent parameter superfield ξ
A as
δG(ξ
APA) = δGC(ξ
M := ξAEA
M)− δG(ξMhMB′XB′), (2.35)
where ξ(P )A is abbreviated to ξA. The PA transformation acting on a superfield Φ with no curved
index defines the covariant derivative as
δG(ξ
APA)Φ = ξ
APAΦ = ξ
M∇MΦ = ξM(∂M − hMA′XA′)Φ. (2.36)
That is, PA = ∇A = EAM∇M on superfields with flat indices. The curvature RMNA is defined as
RMN
A = ∂MhN
A − ∂NhMA − (ENChMB′ − EMChNB′)fB′CA − hNC′hMB′fB′C′A. (2.37)
Here and hereafter, we use the convention of “implicit grading”. In superspace, we generally
treat both bosonic and fermionic quantities at the same time by the index A or M , and should
be careful for grading of fermionic objects such as XAB = (−)a(b+n)EBNEAMXMN , [∇A,∇B} =
∇A∇B−(−)ab∇B∇A, and Z = (−)aYAA. The grading is uniquely determined if the standard order
of indices is specified. For example, the standard order of XAB is AB and hence EB
NEA
MXMN
should be accompanied by the grading factor (−)a(b+n) since one jumps the index A over two
indices B and N of EB
N in order to recover the standard order AB. The implicit grading means
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the understanding of omitting such unique grading factors from everywhere. In other words, we
can treat the indices A, M as if they were bosonic ones. The same implicit grading convention
is used also for the index A of superconformal generators. In the definition of curvatures, the
commutation relation of PA is as follows
[PA, PB] = −RABCXC = −R(P )ABCPC − 1
2
R(M)AB
dcMcd
−R(D)ABD − R(A)ABA− R(K)ABCKC ,
(2.38)
where RAB
C = EB
NEA
MRMN
C in terms of RMN
C given in (2.37). In Ref. [9], R(P )AB
C is
expressed as TAB
C , R(M)AB
cd is RAB
cd, R(D)AB is HAB, and R(A)AB is FAB.
Several constraints are imposed on the curvature superfields to eliminate the redundant degrees
of freedom. First, the constraints on Rαβ are as follows
Rαβ
A = 0, Rα˙β˙
A = 0, R(P )αβ˙
c = 2i(σc)αβ˙ ,
Rαβ˙
A = 0 (otherwise),
(2.39)
which guarantees the commutation relations of covariant spinor derivatives to take the simple
form (as in the global supersymmetry case)
{∇α,∇β} = 0, {∇¯α˙, ∇¯β˙} = 0, {∇α, ∇¯β˙} = −2i∇αβ˙ . (2.40)
Secondly, the following constraints on Rαa are imposed
R(P )γb
A = 0, R(D)βa = 0, R(A)βa = 0. (2.41)
By solving the Bianchi identities
[∇A, [∇B,∇C ]] + [∇B, [∇C ,∇A]] + [∇C , [∇A,∇B]] = 0 (2.42)
under these constraints (with implicit grading understood), one finds that all other non-vanishing
curvatures can be expressed by a single superfield Wαβγ with totally-symmetric undotted spinor
indices α, β, γ as seen below.
The Bianchi identities with the first constraints (2.39) imply that the curvatures Rαb and Rab
can be expressed by a “gaugino” superfield Wα, which is superconformal algebra valued,
Rα,βγ˙ = −[∇α,∇βγ˙] = 2iǫαβWγ˙ , Rα˙,β˙γ = −[∇¯α˙,∇β˙γ ] = 2iǫα˙β˙Wγ , (2.43)
Rαα˙,ββ˙ = −ǫα˙β˙{∇(α,Wβ)} − ǫαβ{∇¯(α˙,Wβ˙)}, (2.44)
where Rα,βγ˙ = (σ
b)βγ˙Rαb, which is Rα(βγ˙) in Ref. [9]. The brackets ( ) on the indices imply
the symmetrization with weight one, e.g., ψ(αχβ) = (1/2)(ψαχβ + ψβχα). This algebra-valued
superfield Wα satisfies
{∇α,Wγ˙} = {∇¯α˙,Wγ} = 0, (chirality) (2.45)
{∇α,Wα} = {∇¯β˙,W β˙}, (reality) (2.46)
[Mbc,Wα] = (σbc)αβWβ, [D,Wα] = 3
2
Wα, [A,Wα] = iWα, [KA,Wα] = 0. (2.47)
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The further input of the second constraints (2.41) implies thatWα has no PA, D, A components,
W(P )αA =W(D)α =W(A)α = 0, so that
Wα = 1
2
W(M)αbcMcb +W(K)αBKB. (2.48)
With the help of the superconformal algebra, the chirality and reality conditions (2.45) and (2.46)
leads to the final expression
Wα = (ǫσbc)βγWαβγMcb + 1
2
(∇γWγαβ)Sβ − 1
2
(
∇γβ˙Wγαβ
)
Kββ˙ , (2.49)
W α˙ = (σ¯bcǫ)γ˙β˙W α˙β˙γ˙Mcb −
1
2
(
∇¯γ˙W γ˙α˙β˙
)
S¯ β˙ − 1
2
(
∇γ˙βW α˙β˙γ˙
)
Kββ˙ . (2.50)
In this way, the gaugino superfield Wα is expressed by the totally symmetric superfield Wαβγ
which satisfies
∇¯α˙Wαβγ = 0, DWαβγ = 3
2
Wαβγ , AWαβγ = iWαβγ , KAWαβγ = 0. (2.51)
Owing to Eqs. (2.43) and (2.44), all the curvatures RAB can also be written in terms of Wαβγ , its
conjugate, and their covariant derivatives. In particular, the Rab component is expressed as
Rαα˙,ββ˙ = ǫα˙β˙
(
2Wαβ
γQγ +∇γW δαβMδγ +∇γWγαβD − 3
2
i∇γWγαβA
+
1
4
∇2W γαβ Sγ − i∇γγ˙WγαβS¯ γ˙ +
1
2
∇α∇β˙γW δγβ Kδβ˙
)
+ ǫαβ
(
−2Wα˙β˙γ˙Q¯γ˙ + ∇¯γ˙Wδ˙α˙β˙M γ˙δ˙ + ∇¯γ˙W γ˙ α˙β˙D +
3
2
i∇¯γ˙W γ˙ α˙β˙A
− 1
4
∇¯2Wβ˙α˙δ˙S¯ δ˙ − i∇γ˙γWγ˙α˙β˙Sγ +
1
2
∇¯α˙∇γ˙βWγ˙β˙ δ˙Kβδ˙
)
.
(2.52)
Now the concept of primary superfield is introduced to describe matter superfields, invariant
action over the superspace, and so on. A primary superfield ΦΓ is defined as the superfield on
which the action of superconformal group is
MbcΦΓ = (Sbc)ΓΣΦΣ, DΦΓ = ∆ΦΓ, AΦΓ = iwΦΓ, KAΦΓ = 0. (2.53)
where Γ and Σ represent general Lorentz indices such as Γ = (α1, . . . , αn, β˙1, . . . , β˙m), and Sbc is
the representation matrix of Lorentz algebra which ΦΓ belongs to. The real constant numbers ∆
and w are called the Weyl and chiral weights, respectively. The last property KAΦΓ = 0 is most
important for ΦΓ being primary. That is generally violated for its derivative ∇AΦΓ. As for Wαβγ ,
Eqs. (2.51) imply it is a primary chiral superfield with Weyl weight ∆ = 3/2 and chiral weight
w = 1, where a chiral superfield means that it satisfies ∇¯α˙Φ = 0 as usual. It should be noted
that this chirality condition is superconformally covariant.
An invariant integral over the superspace is given by
SD =
∫
d4xd4θ EV, (2.54)
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where E = det(EM
A). Here we are using implicit grading and omitting to write the superdeter-
minant “sdet”. The superconformal transformation law of the density E is
δG(ξ
A′XA′)E = EEA
MδG(ξ
A′XA′)EM
A = EEA
MhM
CξB
′
fB′C
A = EξB
′
fB′A
A
→ DE = −2E, Mab E = AE = KAE = 0, (2.55)
since the superconformal generators XB′ other than PA carry non-positive Weyl weights so that
the commutator [XB′ , XC] yields positive Weyl weight PA only when XC = PC (and XB′ = D or
A), in which case EA
MhM
C = EA
MEM
C = δA
C . From (2.55), the invariance conditions for the
action SD become
DV = 2 V, AV =Mab V = KA V = 0. (2.56)
That is, V must be a (∆, w) = (2, 0) primary real superfield with no Lorentz index. The invariance
of SD under the GC transformation in superspace is manifest and hence invariant under the
PA transformation. Thus the action SD is fully superconformal invariant, called the D-type
integration.
The superconformal counterpart of the d2θ integral in global supersymmetry is
SF =
∫
d4xd2θ EW. (2.57)
The chiral density E is given by the superdeterminant of vielbein in the chiral subspace with dotted
spinor directions being omitted from EM
A, that is, E = det Ema with Ema = Ema, a = (a, α), and
m = (m,µ). In (2.57), W is a covariantly chiral superfield defined by ∇¯α˙W = 0. The invariance
of the action SF requires that W must be a (∆, w) = (3, 2) primary chiral superfield with no
Lorentz index. Since the integral SF does not depend on θ¯, it is supposed to be executed at
θ¯ = 0, which is called the F-type integration. Performing the d2θ integration in (2.57), we obtain
the component expression of the F-type integration as
∫
d4xd2θ EW =
∫
d4x e
(
−1
4
∇2W + i
2
ψ¯aα˙(σ¯
a)α˙β∇βW −
(
ψ¯aσ¯
abψ¯b
)
W
)
θ=θ¯=0
. (2.58)
The D-type integration is related to the F-type one as
∫
d4xd4θ EV =
1
2
∫
d4xd2θ EP[V ] + 1
2
∫
d4xd2θ¯ E¯P¯ [V ], (2.59)
where
P[V ] = −1
4
∇¯2V (2.60)
is the chiral projection operator. The component expression of the D-type integration is obtained
using the equation (2.59).
The action of the matter coupled SUGRA system is given in conformal superspace as
S = −3
∫
d4xd4θ E ΦcΦ¯ce−K/3 +
(∫
d4xd2θ E (Φc)3W + h.c.
)
, (2.61)
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where Φc is the compensator chiral superfield carrying Weyl and chiral weights (∆, w) = (1, 2/3).
The Ka¨hler potential K and the superpotential W are the functions of chiral matter superfields
Φi with weights (∆, w) = (0, 0). In addition, K is a real function and W is holomorphic. The
gauge-fixing conditions leading to Poincare´ SUGRA with the canonically normalized EH term
are given in Ref. [9]:
D, A-gauge : Φc = Φ¯c = eK/6, KA-gauge : BM = 0. (2.62)
From the gauge-fixing condition for KA-gauge, the D gauge field BM vanishes and the KA gauge
field fM
A loses the gauge freedom. So fM
A drops out from the covariant derivative and curvatures.
The derivative after gauge fixing is written as DA = ∇A + fABKB, and the curvatures after
gauge fixing are written in terms of conformal curvatures and the gauge-fixed fM
A. Moreover,
the constraints for the conformal curvatures give the constraint for the gauge-fixed fM
A. The
constraints for R(D)αβ become the constraints for fα
β. The curvature R(D)AB is written as
R(D)AB = EA
MEB
N(∂MBN − ∂NBM) + 2fAB(−)a − 2fBA(−)b. (2.63)
The constraints for R(D)αβ lead
fαβ = −ǫαβR¯, fα˙β˙ = ǫα˙β˙R, fαβ˙ = −fβ˙α = −
1
2
Gαβ˙. (2.64)
The constraint R(D)αb = 0 implies
fαb = −fbα. (2.65)
The constraints R(K)αβ,γ˙ = 0 and R(K)αγ˙
β = 0 and their conjugates give
3ifα,ββ˙ =
1
2
DαGββ˙ +DβGαβ˙ + ǫαβD¯β˙R¯, (2.66)
−3ifα˙,ββ˙ =
1
2
D¯α˙Gββ˙ + D¯β˙Gβα˙ + ǫα˙β˙DαR. (2.67)
Finally the constraint R(K)αβ˙
c = 0 means
fαα˙,ββ˙ =
i
2
(Dαfα˙,ββ˙ + D¯α˙fα,ββ˙) + 2ǫαβǫα˙β˙RR¯ +
1
2
Gβα˙Gαβ˙. (2.68)
Since the conformal curvatures are written in terms of Wαβγ , the curvatures after gauge fixing
are written in terms of R, Gαβ˙ , Wαβγ and the derivative DA.
It is noted that the gauge-fixing conditions (2.62) also fix the A gauge superfield AM . The
covariantly chiral condition of Φc is 0 = ∇¯α˙Φc = Eα˙M∂MΦc − Bα˙Φc − 23iAα˙Φc, and further
imposing the gauge conditions Φc = eK/6 and Bα˙ = 0 leads to
Aα˙ = − i
4
Ki∗D¯α˙Φ¯i∗ , (2.69)
where D¯α˙Φ¯i∗ = Eα˙M∂M Φ¯i∗ and Ki∗ = ∂K/∂Φ¯i∗ . The chirality condition for matter superfields
Φi are used; 0 = ∇¯α˙Φi = Eα˙M∂MΦi = D¯α˙Φi. In the same way, from ∇αΦ¯c = 0, Aα is fixed as
Aα =
i
4
KiDαΦi. (2.70)
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Similarly, from the relation ∇¯α˙∇αΦc = −2i∇αα˙Φc, we obtain
Aα
α˙ =
i
4
(KiDαα˙Φi −Ki∗Dαα˙Φ¯i∗)− 3
2
Gα
α˙ +
1
4
gij∗(DαΦi)(D¯α˙Φ¯j∗), (2.71)
where Gα
α˙ = −2fαα˙ and gij∗ = ∂2K/∂Φi∂Φj∗ .
3 Correspondence between component and superspace ap-
proaches
In this section we present the correspondence between component and superspace formulations.
The objects which we deal with are the superconformal algebra, gauge fields, curvatures and
their constraints, conformal multiplets with external Lorentz indices, chiral projection, and in-
variant actions. Note that the notations and conventions are different in two approaches and
the dictionary between them is given in appendix A for spinors, vectors, gamma matrices, and
tensors.
3.1 Superconformal algebra, gauge fields and curvatures
As discussed in Sec. 2.1, the Q and Pa transformation in component approach are deformed from
the original group laws. In the following, we use only the final form of them and the deformed
P˜a transformation is simply denoted as Pa.
Let us begin with the dictionary for the normalization of superconformal generators and Weyl
and chiral weights. The correspondence is given by
component superspace
Pa, 2Qα, 2Q¯
α˙ (Pa, Qα, Q¯
α˙) = PA
−Mab, D, 43A Mab, D, A
Ka, −2Sα, −2S¯α˙ (Ka, Sα, S¯α˙) = KA
w, 2
3
n ∆, w
(3.1)
The correspondence of gauge parameters is set to satisfy ǫAXA ↔ ξA|XA and given by
component superspace
P, Q (ξa, 1
2
ε¯) (ξ(P )a, ξ(P )α, ξ¯(P )α˙)| = ξ(P )A|
M, D, A λab, ρ, 3
4
θ ξ(M)ab|, ξ(D)|, ξ(A)|
K, S (ξaK ,
−1
2
ζ¯) (ξ(K)a, ξ(K)α, ξ¯(K)α˙)| = ξ(K)A|
(3.2)
The vertical bar “|” means the θ = θ¯ = 0 projection, i.e., the lowest component of superfield.
Since gauge fields × generators essentially represent the common quantity in both approaches,
hµ
AXA ↔ hmA|XA, the correspondence of gauge fields appears with inverse normalizations of the
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generators
component superspace
P, Q (eµ
a, 1
2
ψµ) Em
A| = (Ema, Emα, Emα˙)| = (ema, 12ψmα, 12 ψ¯mα˙)
M, D, A ωµ
ab, bµ,
3
4
Aµ φm
ab| = ωmab, Bm|, Am|
K, S (fµ
a, −1
2
ϕµ) fm
A| = (fma, fmα, fmα˙)|
(3.3)
In the table, the curved index µ of component approach corresponds to the index m of superspace.
The curvature in superspace, Rmn
C, with curved tensor indices was defined in Eq. (2.37). The
lowest component of flat indexed curvature superfield Rab
C is given by
Rab
C | = EbNEaMRMNC| = eamebnRmnC| − i
2
(
ψa
α(σb)αβ˙ − ψbα(σa)αβ˙
)W β˙C|
+
i
2
(
ψ¯aα˙(σ¯b)
α˙β − ψ¯bα˙(σ¯a)α˙β
)WβC|+ 1
4
ψa
αψb
βRαβ
C|.
(3.4)
Using the correspondence of gauge fields given in (3.3), we find that the curvatures coincide with
(the negative of) the covariant curvatures with the algebra deformation of component approach,
up to the normalization of generators
component superspace
−(Rab(P c), 12Rab(Q) ) (R(P )abc, R(P )abγ, R(P )abγ˙ )∣∣ = R(P )abC∣∣
−Rcovab (M cd), −Rab(D), −34 Rab(A) R(M)abcd|, R(D)ab|, R(A)ab|
−(Rcovab (Kc), −12Rcovab (S) ) (R(K)abc, R(K)abγ, R(K)abγ˙ )∣∣ = R(K)abC∣∣
(3.5)
The ‘covariantization’ is necessary only for the M , S, Ka curvatures in component approach,
which correspond in superspace to the fact that the gaugino superfield Wα has non-vanishing
components only for the M , S, Ka generators. In obtaining the correspondence table (3.5), we
have used the following relations of Wα to the curvatures in component approach
component superspace
Rab(Q)γ5
(W(M)αab, W(M)α˙,ab)| = −2 (R(P )abα, −R(P )ab,α˙)|
− i
4
σabγ5Rab(A)
(W(K)αβ 0
0 W(K)α˙β˙
)∣∣∣
= − i
3
(
(σab)α
β 0
0 (σ¯ab)α˙β˙
)(
1 0
0 −1
)
R(A)ab|
−1
4
Rcovbc (S)γ
cγ5
(W(K)αb W(K)α˙b)|
+
1
4
R˜covbc (S)γ
c = − i
2
(
R(K)bc
β R(K)bc,β˙
)|
(
0 (σc)βα˙
(σ¯c)β˙α 0
)(
1 0
0 −1
)
+
1
2
(
(∗R(K))bcβ (∗R(K))bc,β˙
)|
(
0 (σc)βα˙
(σ¯c)β˙α 0
)
(3.6)
Note that these quantities stand for the spinor-vector components of superspace curvature Rαb
C
because of the relations (2.43).
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The correspondences of the curvatures (3.5) are summarized in a simple expression
RcovCab XC (component) ↔ −RabC|XC (superspace). (3.7)
We emphasize that such identification holds for the flat indexed curvatures, while it does for the
curved indexed gauge fields
hµ
CXC (component) ↔ hmC|XC (superspace). (3.8)
For instance, the component approach counterpart of the flat indexed gauge field in superspace
is found through the expression
ha
C| = EaMhM C| = eamhmC| − 1
2
ψa
αhα
C|. (3.9)
The constraints on curvatures also have the correspondence, though the constraints in super-
space are directly imposed on the spinor-spinor or spinor-vector component of curvatures. The
restricted form of the vector-vector component Rab in superspace is derived from other constraints
and explicitly written in terms of the primary chiral superfield Wαβγ . That is, Eq. (2.52) implies
the following expressions for the curvatures R(X)ab
A in superspace
curvatures R(X)ab
A in superspace
R(P )ab
c 0
R(P )−γβ
α, R(P )+
γ˙β˙, α˙
Wγβ
α, Wγ˙β˙α˙
1
4
R(M)−,−βα, δγ ,
1
4
R(M)+,+
β˙α˙, δ˙γ˙
∇(δWγ)βα, ∇¯(δ˙Wγ˙)β˙α˙
R(D)−βα =
2
3
iR(A)−βα, R(D)
+
β˙α˙
= −2
3
iR(A)+
β˙α˙
−1
2
∇γWγβα, 12∇¯γ˙Wγ˙β˙α˙
R(K)−γβ
α, R(K)+
γ˙β˙, α˙
1
8
∇2Wγβα, 18∇¯2Wγ˙β˙α˙
R(K)−γβ
a(σa)αα˙, R(K)
+
γ˙β˙
a(σa)αα˙
−1
2
∇γ∇δα˙Wδβα, 12∇¯γ˙∇αδ˙Wδ˙β˙α˙
(3.10)
The chiral decomposition of anti-symmetric tensor is defined in Eq. (A.19).
We can see the correspondence of curvature constraints using the fact that all the curvature
components R(X)ab
A with vector-vector indices are expressed by Wαβγ in superspace. First,
the constraint (2.8) in component approach is equivalent to Rab(P
c) = 0 and hence corresponds
to R(P )ab
c| = 0 in superspace, as seen in Table (3.5) and (3.10). Secondly, the constraint
(2.9), equivalent to Rab(Q)γ
b = 0, corresponds to the equation R(P )ab
α|(σb)αδ˙ = 0 and its
conjugate in superspace. This is found from (3.10) that R(P )ab
α has only chiral component
R(P )γγ˙,ββ˙
α = 2εγ˙β˙Wγβ
α so that
R(P )ab
α(σb)αδ˙ ∝ (σ¯b)β˙βεγ˙β˙Wγβα(σb)αδ˙ ∝ εγ˙δ˙Wγαα, (3.11)
which vanishes since Wαβγ is a totally symmetric superfield. The final constraint (2.10) in com-
ponent approach, which is equivalently rewritten as
Rcovac (M
cb) +
1
2
iR˜ba(A) = 0, (3.12)
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corresponds to (the lowest of) the relation between R(M)ab
cd and R(A)ab as
R(M)ac
cb +
2
3
(∗R(A))ba = 0. (3.13)
This also follows from (3.10) which says that both R(M)ac
cb and R(A)ab are given by ∇βWβαγ
and its conjugate.
The correspondence of the superconformal group transformations is as follows:
component superspace
δP (ξ
a) + δQ(ε) δG(ξ(P )
a|Pa) + δG(ξ(P )α|Qα) = δG(ξ(P )A|PA)
δM (λ
ab) + δD(ρ) + δA(θ) δG(
1
2
ξ(M)ba|Mab) + δG(ξ(D)|D) + δG(ξ(A)|A)
δK(ξ
a
K) + δS(ζ) δG(ξ(K)
a|Ka) + δG(ξ(K)α|Sα) = δG(ξ(K)A|KA)
(3.14)
The correspondence of transformation parameters is given in (3.2). These can be shown by
examining the commutation relations in both approaches. The correspondence is trivial for the
Mab, D, A, S, Ka transformations, but slightly non-trivial for the commutation relations of
PA = (Pa, Qα, Q¯
α˙). In particular, the supercharge Qα is treated differently in both approaches.
In superspace approach, it is the spinor part of the translation in superspace so that it is defined to
be a combination of the general coordinate and gauge transformations. In component approach,
the Q transformation is defined to be the YM group law of superconformal group though it is
deformed by the curvature constraints.
Let us examine the commutation relations of the PA transformation which is defined in
Eq. (2.35) as
δG(ξ
APA) = δGC(ξ
M := ξAEA
M)− δG(ξMhMB′XB′). (3.15)
We thus need the commutation relations between two GC transformations in superspace and the
GC and group transformations XB′ other than PA. Noting that the field-independent pieces are
the flat indexed parameters ξA and ηA, we find with a straightforward calculation the following
commutation relations:
[δGC(ξ
BEB
N), δGC(η
CEC
L)]
= δGC(ξ
NηL(∂LEN
A − ∂NELA)EAM),
[δG(ξ
AhA
A′XA′), δGC(η
AEA
M)]
= δG(η
L(∂Lξ
N)hN
B′XB′) + δG(η
LξN(∂LEN
A)hA
B′XB′)
− δGC(ηLELCξNhNB′fB′CDEDM), (3.16)
[δG(ξ
AhA
A′XA′), δG(η
BhB
B′XB′)]
= δG(ξ
LηN(hN
B′EL
E − hLB′ENE)fB′EFhFA′XA′)
+ δG((η
N(∂Nξ
L)− ξN(∂NηL))hLA′XA′) + δG(ηNξLRLNA′XA′).
Using these relations and the definition of PA transformation, we obtain
[δG(ξ
APA), δG(η
BPB)] = −δG(ξAηBRABCXC). (3.17)
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The parameter ξA is either vector ξa or spinor ξα. When we take both ξA and ηB to be spinors,
Eq. (3.17) implies the following Q-Q commutation relation by using the constraints on Rαβ,
[δG(ξ
αQα), δG(η
βQβ)] = 2δG
((
ηβ η¯β˙
)
i
(
0 (σa)βα˙
(σ¯a)β˙α 0
)(
ξα
ξ¯α˙
)
Pa
)
. (3.18)
This agrees with the Q-Q commutation relation in component approach
[δQ(ε1), δQ(ε2)] = δP
(1
2
ε¯2γ
aε1
)
, (3.19)
if 1
2
ε¯1 ↔
(
ξα ξ¯α˙
) | and 1
2
ε¯2 ↔
(
ηβ η¯β˙
) | as given in the correspondence table (3.2). Next, if we
consider the vector parameter ξa and the spinor parameter ηβ, Eq. (3.17) becomes
[δG(ξ
aPa), δG(η
βQβ)]
= −
(
δG
(
1
2
ξaηβR(M)aβ
dcMcd
)
+ δG
(
ξaηβR(K)aβ
γSγ
)
+ δG
(
ξaηβR(K)aβ
cKc
))
.
(3.20)
Using the curvature expression Raβ = −i(σa)βγ˙W γ˙ , this commutation relation corresponds to
[δP (ξ
a), δQ(ε)] =
∑
A=M,S,K
δA(ξ
bδ′Q(ε)hb
A)
= δM
(1
2
ξcRab(Q)γcε
)
+ δS
(1
4
iξaγb(γ5Rba(A) + R˜ba(A))ε
)
+ δK
(
− 1
2
ξbRcovcb (S)σ
ac − 1
4
ξbδacR˜covcb (S)γ5ε
)
,
(3.21)
in component approach when 1
2
ε¯ =
(
ηβ η¯β˙
) |. Finally, setting both ξA and ηB to be vectors, we
have
[δG(ξ
aPa), δG(η
bPb)] = −δG(ξaηbRabAXA), (3.22)
which reproduces
[δP (ξ
a
1), δP (ξ
b
2)] =
∑
A 6=P
δA(ξ
a
1ξ
b
2R
covA
ab ) (3.23)
in component approach with the correspondence ξa1 ↔ ξa| and ξb2 ↔ ηb|. Note that both Rab(P c)
in component approach and R(P )ab
c in superspace vanish.
We remark the geometrical meaning of the correspondence of commutation relations. In par-
ticular, the commutation relation [δP , δQ], which is algebraically determined by some constraints
in component formulation, is understood as a vector-spinor curvature in superspace.
3.2 Conformal multiplet
We have shown that the superconformal transformations in both approaches satisfy exactly the
same algebra. Once the algebra is fixed, the transformation rule for a general conformal multiplet
is uniquely determined in component approach. That is, if the component with the lowest Weyl
weight is specified, all other components in the multiplet and their transformation rules are
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found, up to some ambiguity in field definitions. So we are lead to the exact correspondence of
superconformal multiplets
Conformal multiplet VΓ in (2.18) ↔ Primary superfield ΦΓ in (2.53).
In component approach, the first component CΓ in VΓ is defined to have the lowest Weyl weight in
the multiplet so that its S and Ka transformations, which lower the Weyl weight, must vanish. In
superspace approach, a primary superfield is defined to being KA invariant. As discussed before,
CΓ and ΦΓ| satisfy the same form of superconformal transformations, Eq. (2.19) and Eq. (2.53),
respectively. Further if they have the same Weyl weight w = ∆ and chiral weight n = (3/2)w as
well as the same representation matrices for Lorentz group Σab = −Sab, the multiplets in both
approaches coincide with each other. The higher components are determined successively by Q
transformations and some ambiguity in field definitions are fixed by the standard form (B.1) in
component approach [8].
Thus in superspace approach, higher components in a superfield can be found by applying Qα
(= ∇α) successively and comparing them with the transformation laws in component approach.
The detail is given in appendix C.1 from which we find the following superfield expressions for
the correspondence of a conformal multiplet with the Weyl weight w and the Lorentz index Γ
Weyl weight component superspace
w CΓ ΦΓ|
w + 1
2
ZΓ
(−i∇αΦΓ
+i∇¯α˙ΦΓ
)∣∣∣
HΓ +14(∇2ΦΓ + ∇¯2ΦΓ)|
w + 1 KΓ − i4(∇2ΦΓ − ∇¯2ΦΓ)|
BaΓ −14(σ¯a)β˙β[∇β, ∇¯β˙]ΦΓ|
w + 3
2
ΛΓ
i
4
(−∇¯2∇αΦΓ
+∇2∇¯α˙ΦΓ
)∣∣∣ + 2i
(Wα
W α˙
)
ΦΓ|
w + 2 DΓ 18∇¯α˙∇2∇¯α˙ΦΓ|+Wα˙∇¯α˙ΦΓ|
= 1
8
∇α∇¯2∇αΦΓ| −Wα∇αΦΓ|
(3.24)
In this correspondence, the overall factor is fixed by the identification of the first components
CΓ ↔ ΦΓ|. In the last line, we have used an identity
∇α∇¯2∇α − ∇¯α˙∇2∇¯α˙ = 8
(Wα˙∇¯α˙ +Wα∇α + {∇¯α˙, W α˙}), (3.25)
which is the conformal superspace counterpart of the identity DαD¯2Dα− D¯α˙D2D¯α˙ = 0 in global
supersymmetry. The RHS in (3.25) comes from nonzero vector-spinor curvatures and depends
on the gaugino superfield Wα. Noticing that Wα has only the M and KA components (see
Eq. (2.48)), the above superfield expressions of Λ and D for a multiplet with no Lorentz index
reduce to
Λ ↔ i
4
(−∇¯2∇αΦ
+∇2∇¯α˙Φ
)∣∣∣, D ↔ 1
8
∇¯α˙∇2∇¯α˙Φ| = 1
8
∇α∇¯2∇αΦ|, (3.26)
which are the same forms as in global supersymmetry.
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3.3 Chiral projection and invariant actions
In this subsection we discuss the correspondences of chiral multiplets, the chiral projection and
the superconformally invariant actions.
In superspace approach, a primary chiral superfield ΦΓ is defined to be a primary superfield
satisfying the chirality condition
∇¯α˙ΦΓ = 0 . (3.27)
Since “primary” means the KA invariant, a consistency for such multiplet to exist requires
0 = {S¯α˙, ∇¯β˙}ΦΓ =
(
(2D + 3iA)ǫα˙β˙ − 2M α˙β˙
)
ΦΓ, (3.28)
which demands ΦΓ to have the Weyl and chiral weights (∆, w) satisfying 2∆ − 3w = 0 and to
carry only undotted spinor indices Γ = (α1α2 · · · ). These conditions for weights and Lorentz
index are exactly the same as given in Eq. (2.21) in component approach. The component fields
in a conformal multiplet with the chirality condition are found from the correspondence table
(3.24)(CΓ,ZΓ,HΓ,KΓ,BaΓ,ΛΓ,DΓ) ↔ (ΦΓ|, ∇αΦΓ|, 14∇2ΦΓ|, −i4 ∇2ΦΓ|, i∇aΦΓ|, 0, 0) , (3.29)
by using the equations
∇¯β˙∇αΦΓ = {∇¯β˙, ∇α}Φ = −2i∇αβ˙ΦΓ, W α˙ΦΓ = 0. (3.30)
The last equation follows from M β˙γ˙ΦΓ = KAΦΓ = 0 for a primary superfield ΦΓ with purely
undotted Γ. Comparing the expression (3.29) with the embedding formula referred to above
Eq. (2.22) in component approach, we find the following correspondence between a conformal
chiral multiplet in component approach and a primary chiral superfield ΦΓ,
[AΓ, PRχΓ, FΓ ] (component) ↔
[
ΦΓ|, ∇αΦΓ|, −14∇2ΦΓ|
]
(superspace) (3.31)
The algebra {∇¯α˙, ∇¯β˙} = 0 in Eq. (2.40) implies the equation
∇¯α˙∇¯2ΨΓ = 0 (3.32)
identically holds for any superfield ΨΓ. So ∇¯2ΨΓ formally seems a chiral superfield. However, if
∇¯2ΨΓ is not primary, it still has to contain 8 + 8 components contrary to the fact that a chiral
superfield has only 2 + 2 components. This odd property happens in the superconformal case
since S¯α˙ acts as an inverse operator of ∇¯α˙.
If ∇¯2ΨΓ is primary, it contains only 2+ 2 components for a primary chiral superfield. For ΨΓ
with the Weyl and chiral weights (∆, w), ∇¯2ΨΓ has (∆+1, w+2) and becomes chiral and primary
if 2(∆+1)−3(w+2) = 0 and Γ is purely undotted. This means that ∇¯2 gives a chiral projection
operator if it acts on a primary superfield ΨΓ whose weights and index satisfy those conditions.
That agrees with the conditions for the chiral projection operator in component approach given in
Eq. (2.23). Taking care of coefficients, we find the correspondence between the chiral projection
operators Π in component approach and P in superspace
Π ↔ −P = 1
4
∇¯2. (3.33)
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We show in appendix C.2 that the component fields of a projected superfield PΨΓ are identified
with those of ΠVΓ in Eq. (2.23) in component approach. In this identification, the following
equations are useful
∇2∇¯2 = ∇¯α˙∇2∇¯α˙ + 8∇a∇a − 2i∇a(σ¯a)α˙α[∇α, ∇¯α˙]− 8Wα˙∇¯α˙,
∇¯2∇2 = ∇α∇¯2∇α + 8∇a∇a + 2i∇a(σ¯a)α˙α[∇α, ∇¯α˙] + 8Wα∇α.
(3.34)
We remark that the sum of these yields
∇2∇¯2 + ∇¯2∇2 −∇α∇¯2∇α − ∇¯α˙∇2∇¯α˙ = 16∇a∇a + 8Wα∇α − 8Wα˙∇¯α˙, (3.35)
which is the conformal superspace counterpart of the global supersymmetry identity
D2D¯2 + D¯2D2 − 2DαD¯2Dα = 16 . (3.36)
Finally we discuss the superconformally invariant actions. First is the correspondence of the
F-type invariant action for the conformal chiral multiplet Σ without external Lorentz index. The
component expansion of the F-type integration (2.58) is coincident with the expression (2.24) of
F-type invariant action in component approach, if taken account of the correspondences of gauge
fields (3.3) and chiral multiplet components (3.31)∫
d4x
[
Σ
]
F
↔
∫
d4xd2θ EΣ +
∫
d4xd2θ¯ E¯Σ¯. (3.37)
The other is the correspondence of the D-type invariant action for the general real conformal
multiplet V without external Lorentz index. Since the D-type formula is obtained from the F-
type one by using the chiral projection operator, the correspondences of (3.33) and (3.37) directly
lead to the following correspondence of the D-type invariant actions (2.25) in component approach
and the D-type integral (2.59) in superspace approach∫
d4x
[
V
]
D
↔ 2
∫
d4xd4θ EV. (3.38)
3.4 u-associated derivatives
3.4.1 restriction for the existence of conformal spinor derivatives?
We first mention to a historical puzzle on the conformal spinor derivative. In Ref. [8], KU
constructed the spinor derivative in component approach and claimed that such spinor derivative
Dα exists only when some special conditions are met on an operand multiplet VΓ. On the other
hand, Butter defined [9] in superspace formalism the conformally covariant derivatives ∇A which
can act on any superfield with no restriction. What is the difference?
The point is that KU defined in their component approach a conformal multiplet VΓ by its first
component CΓ, denoting VΓ =
(CΓ), which has the lowest Weyl weight in the multiplet. Therefore
the S and Ka transformations of CΓ must vanish since S and Ka lower the Weyl weight. In
superspace terminology, such a multiplet is arranged in a primary superfield ΦΓ:
VΓ =
(CΓ) ↔ ΦΓ, δSCΓ = δKCΓ = 0 ↔ KAΦΓ = 0. (3.39)
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KU looked for the spinor derivative Dα as a mapping of a conformal multiplet VΓ to another
conformal multiplet whose first component is ZαΓ which is the second component of VΓ
Dα : VΓ =
(CΓ) → DαVΓ = (ZαΓ). (3.40)
That is crucial and only difference from the superspace covariant derivatives ∇A, which generally
do not bring a primary superfield into primary. This freedom employed in superspace formula-
tion is consistent with the freedom of Q transformation in component approach, because the S
transformation of ZαΓ is not generally required to vanish. Thus the conformal covariant spinor
derivative that corresponds to the Q transformation is ∇α, not Dα. Conversely speaking, once
the image ∇αΦΓ is required to be primary, Sβ∇αΦΓ = 0 leads to the same conditions for ΦΓ as
KU found in component approach.
3.4.2 u-associated derivative
We need the S and Ka invariance of multiplets, for instance, in constructing the invariant actions
by the D-type and F-type formulas. Ref. [8] has shown that, if one has a compensating multiplet
u (or any conformal multiplet whose first component is guaranteed to be non-vanishing, like the
compensator used for gauge fixing), the covariant derivative Dα(u) is constructed which maps a
conformal multiplet into another conformal one without any restriction.
Consider a conformal multiplet u with the Weyl and chiral weights (w0, n0) and no external
Lorentz index. The component fields are denoted as
u = [ Cu,Zu,Hu,Ku,Bua,Λu,Du ] . (3.41)
Assuming that the first component Cu is non-vanishing, we construct the following spinor
λS :=
iZu
(w0 + n0)Cu , (3.42)
which is non-linearly shifted under the S transformation as δS(ζ)λ
S = ζ . Then the u-associated
spinor derivative Dα(u) is defined by
Dα(u)VΓ =
(
ZαΓ + i(w + n)λαSCΓ − (σab)αβλβS(ΣabC)Γ
)
, (3.43)
where w and n are the Weyl and chiral weights of CΓ. Since δS(ζ)ZΓ = −i(w+n)ζCΓ+σabζ (ΣabC)Γ,
the quantity in the bracket on the RHS is invariant under the S transformation, so that it defines
a conformal multiplet Dα(u)VΓ. The barred derivative D¯α˙(u) is given by D¯α˙(u)VΓ = (Dα(u)V∗Γ)∗.
Similarly, the u-associated vector derivative is constructed as follows. We define a vector Va
K
and a spinor χS by
Va
K :=
1
4w0
(
DaCu
Cu +
DaCu∗
Cu∗
)
, χS :=
1
2w0
iγ5
(Zu
Cu +
Zu∗
Cu∗
)
, (3.44)
so that Va
K and χS are shifted under the Ka and S transformations, respectively, as δK(ξ
K)Va
K =
ξKa and δS(ζ)χ
S = ζ . The S transformation of the vector Va
K yields the spinor χS as δS(ζ)Va
K =
21
−1
4
ζ¯γaχ
S. By adding appropriate terms containing these fields, the superconformally covariant
derivative DaCΓ defined in (2.17) can be made S-invariant, and the u-associated vector derivative
is defined by
Da(u)VΓ =
(
DaCΓ − 2wVaKCΓ + 2V bK(ΣabC)Γ + 1
2
χ¯Sγaiγ5ZΓ
+
1
4
(χ¯Sγ5γ
bχS)
(
δabnCΓ + (Σ˜abC)Γ
))
,
(3.45)
so that Da(u)VΓ is a conformal multiplet.
We now show the superspace expression for the u-associated derivatives using the corre-
spondences given in the previous section. First we introduce the primary superfield Xu that
corresponds to u
u ↔ Xu, (3.46)
where Xu has the Weyl and chiral weights (∆0, w0) = (w0,
2
3
n0). From the correspondences of
weights and component fields (3.24), λS is identified as
λα
S ↔ 2
(2∆0 + 3w0)Xu|∇αXu|. (3.47)
By reading the correspondence of Dα(u)VΓ (3.43), we find the following superspace expression for
the u-associated spinor derivative
Dα(u)VΓ ↔ −i
(
∇α + 1
(2∆0 + 3w0)Xu
(∇βXu){Sβ, Qα}
)
ΦΓ, (3.48)
and similarly for the dotted spinor derivative. When Xu is a real superfield with special weights
∆0 = 2 and w0 = 0, this expression reduces to the compensated spinor derivatives discussed in
Ref. [11]. So, (3.48) stands for the generalization to Xu with arbitrary weights.
We also construct the superspace expression for the u-associated vector derivative. For this
purpose, we consider the real superfield Yu defined by
∗
Yu = logXu + log X¯u. (3.49)
Using the component field correspondence (3.24), we identify Va
K and χS as
Va
K ↔ 1
4∆0
∇aYu|, χS ↔ 1
2∆0
i
(
1 0
0 −1
)(−i∇αYu
+i∇¯α˙Yu
)
| . (3.50)
Then the superspace expression for the u-associated vector derivative is found by translating
∗Precisely speaking, this Yu itself is not a proper primary superfield unless ∆0 = w0 = 0 since logXu has
no definite values of Weyl and chiral weights. In the following expressions, however, only its derivative ∇AYu =
∇AXu/Xu + ∇AX¯u/X¯u appears, which is a proper superfield with the Weyl and chiral weights of the operator
∇A.
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(3.45):
Da(u)VΓ ↔ ∇aΦΓ − 1
2∆0
(∇aYu)DΦΓ − 1
2∆0
(∇bYu)MabΦΓ
+
1
4∆0
(∇αYu ∇¯α˙Yu) i
(
0 (σa)αβ˙
(σ¯a)
α˙β 0
)
i
(
1 0
0 −1
)(−i∇βΦΓ
+i∇¯β˙ΦΓ
)
+
1
8∆0
(∇αYu ∇¯α˙Yu)
(
1 0
0 −1
)
i
(
0 (σb)αβ˙
(σ¯b)α˙β 0
)
1
2∆0
(∇βYu
∇¯β˙Yu
)
×
(
−3i
2
ηabA+
1
2
(−iεabcd)(−M cd)
)
ΦΓ.
(3.51)
When Xu is a real primary superfield X with the weights (∆0, w0) = (2, 0), this reduces to the
compensated vector derivative with parameter λ = 1 given in Ref. [11], if we replace Yu → 2 logX .
4 Superconformal gauge fixing to Poincare´ SUGRA
The superconformal group is larger than the super Poincare´ and the extra D, A, S, Ka gauge
symmetry should be fixed to have Poincare´ SUGRA, which is useful e.g. for phenomenological
applications. In this section, we examine the superconformal gauge fixing of the matter-coupled
conformal SUGRA to Poincare´ SUGRA, and give the correspondence of gauge-fixing conditions
between superspace and component approaches. In this paper we focus on the chiral superfield
matter system. The gauge fixing for the system containing YM gauge fields of internal symmetry
will be discussed elsewhere [12].
4.1 Gauge fixing in superspace approach
The matter superfields Φi (i = 1, 2, . . . , n) are introduced to be primary and covariantly chiral
with respect to the superconformal symmetry, ∇¯α˙Φi = 0. They have the Weyl and chiral weights
(∆, w) = (0, 0). The matter-coupled SUGRA action in conformal superspace is given by
S = −3
∫
d4xd4θ E ΦcΦ¯ce−K/3 +
(∫
d4xd2θ E (Φc)3W + h.c.
)
, (4.1)
where the Ka¨hler potential K = K(Φi, Φ¯i
∗
) is a real function of matter superfields, and the
superpotential W = W (Φi) is a holomorphic one. In the first term (the D-type action), the
superconformal gauge invariance leads to the conditions that the compensator chiral superfield
Φc is primary and has the weights (∆, w) = (1, 2/3). In the second term (the F-type action), the
compensator dependence is also fixed by the superconformal gauge invariance.
Let us discuss the gauge fixing of superconformal symmetry to go down to Poincare´ SUGRA.
For a non-vanishing superpotential, it is useful to redefine the compensator Φc as†
Φc → Φ0 = ΦcW 1/3. (4.2)
†The redefinition (4.2) is possible when W 6= 0. For W = 0, a convenient gauge choice may be Φc = eK/6 (and
BM = 0) which is the same condition as the one given in [9] and mentioned in section 2.2.
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The new chiral compensator Φ0 has the weights (∆, w) = (1, 2/3). The action in terms of Φ0 is
given by
S = −3
∫
d4xd4θ E Φ0Φ¯0e−G/3 +
(∫
d4xd2θ E (Φ0)3 + h.c.
)
(4.3)
with
G = K + ln |W |2. (4.4)
One of the virtues of using Φ0 and G is revealed in introducing YM gauge fields, that is, Φ0 and G
are invariant under possible internal symmetry, while Φc and K are not invariant. This invariant
property of Φ0 and G makes it simple to fix the superconformal gauge symmetry irrespectively
of internal ones [12].
In component approach, Ref. [7] discussed the superconformal gauge-fixing conditions which
realize the canonically normalized EH and RS terms and also give a real gravitino mass, given in
(2.27). We find its superspace counterparts are
D, A-gauge : Φ0 = Φ¯0 = eG/6, KA-gauge : BM = 0. (4.5)
The second condition is imposed by an appropriate KA gauge transformation of the D-gauge
superfield: δG(ξ(K)
AKA)BM = −2EMAξ(K)A. On the other hand, the first condition seems
peculiar since the chiral superfield Φ0 does not have enough numbers of independent components
which can be set equal to the general real superfield eG/6. It is however noticed that the gauge
fixing (4.5) is given in conformal superspace where all gauge transformations have real superfield
parameters. Therefore the finite D and A gauge transformations Φ0 7→ eξ(D)+ 2i3 ξ(A)Φ0 are possible
with the real superfield parameters ξ(D) = G/6 − (1/2) ln(Φ0Φ¯0) and ξ(A) = (3/4i) ln(Φ¯0/Φ0)
which brings Φ0 to eG/6.
The gauge-fixing conditions (4.5) imply several other equations for superfield components.
We here focus on the chiral compensator Φ0 and the A-gauge superfield AM . Recall that the
covariant derivative takes the following form for a primary superfield Φ(∆,w) with the Weyl and
chiral weights (∆, w) and no external Lorentz index:
∇AΦ(∆,w) = DPAΦ(∆,w) −
(
∆BA + iwAA
)
Φ(∆,w), (4.6)
∇A∇αΦ(∆,w) = DPA∇αΦ(∆,w) −
((
∆+
1
2
)
BA + i(w − 1)AA
)
∇αΦ(∆,w)
+ (2∆ + 3w)fAαΦ
(∆,w), (4.7)
where the last term (2∆ + 3w)fAαΦ
(∆,w) stands for −fAβ{Kβ, ∇α}Φ(∆,w) and we have used the
equation KB∇αΦ(∆,w) = [KB,∇α]Φ(∆,w) = 0 for B = b, β˙ which is satisfied if Φ(∆,w) is primary.
The derivative DPA is defined by
DPA = EAM∂M −
1
2
φA
bcMcb, (4.8)
which is the covariant derivative in Poincare´ SUGRA and different from the derivative in Ref. [9]
(DA discussed in section 2.2). Plugging the gauge-fixing conditions (4.5) into the RHS of (4.6)
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and (4.7), we find the components of the chiral compensator superfield Φ0,
Φ0
∣∣ = eG/6∣∣, (4.9)
∇αΦ0
∣∣ = (DPα − 23 iAα
)
eG/6
∣∣∣, (4.10)
∇2Φ0∣∣ = (DPα + 1
3
iAα
)(
DPα −
2
3
iAα
)
eG/6
∣∣∣− 4fααeG/6
∣∣∣. (4.11)
Note that ∇αΦ0 6= ∇αeG/6 but DPαΦ0 = DPαeG/6 since the gauge-fixing condition Φ0 = eG/6
violates the D and A symmetries but preserves Mab.
After the gauge fixing, the chirality condition of the compensator Φ0 turns out to determine
the A-gauge superfield. Applying (4.6) to ∇¯α˙Φ0 = 0 and using the gauge-fixing condition (4.5),
we obtain
0 = ∇¯α˙Φ0 = D¯Pα˙Φ0 −
2
3
iAα˙Φ
0 → Aα˙ = − i
4
Gj∗D¯Pα˙Φ¯j
∗
, (4.12)
where the field derivatives of G are denoted as Gi = ∂G/∂Φ
i and Gi∗ = ∂G/∂Φ¯
i∗ . Similarly, the
condition ∇αΦ¯0 = 0 fixes Aα as
Aα =
i
4
GjDPαΦj , (4.13)
with which the components of the chiral compensator, (4.10) and (4.11), are rewritten as
∇αΦ0
∣∣ = 1
3
eG/6GiDPαΦi
∣∣, (4.14)
∇2Φ0∣∣ = 1
3
eG/6
(
GiDP2Φi +
(
Gij +
1
12
GiGj
)
(DPαΦj)(DPαΦi)− 24R¯
)∣∣∣. (4.15)
We have used the relation fαβ = −ǫαβR¯ which comes from the curvature constraints after the
gauge fixing. The equation (4.15) relates the compensator F component to the auxiliary field R¯,
undetermined part of the S-gauge field fα
β. It is noticed that superfield components are not given
by the covariant derivative of Poincare´ SUGRA (DP) but should be defined by the conformal one
(∇). For the matter superfields Φi with vanishing weights (∆, w) = (0, 0), these two derivatives
give same results for the first derivatives (spinor components), but different for the second ones
(F components). For the comparison with component approach, we rewrite the above results
with the conformally covariant derivative ∇. Eqs. (4.6), (4.7) and (4.13) imply DPαΦi = ∇αΦi
and
DP2Φi = ∇2Φi − iAαDPαΦi = ∇2Φi +
1
4
Gj∇αΦj∇αΦi. (4.16)
We then find (4.14) and (4.15) are given by
∇αΦ0
∣∣ = 1
3
eG/6Gi∇αΦi
∣∣, (4.17)
∇2Φ0∣∣ = 1
3
eG/6
(
Gi∇2Φi +
(
Gij +
1
3
GiGj
)∇αΦj∇αΦi − 24R¯
)∣∣∣. (4.18)
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The chirality condition of the compensator also fixes the vector part of A-gauge field. The chirality
condition and the algebra {∇α, ∇¯β˙} = −2i∇αβ˙ imply
∇¯β˙∇αΦ0 = −2i∇αβ˙Φ0. (4.19)
After the gauge fixing, the vector derivative on the RHS becomes ∇αβ˙Φ0 = DPαβ˙Φ0 − 23iAαβ˙Φ0
which is used to determine the vector part Aα
β˙. Evaluating the LHS of (4.19) by using (4.7) with
the gauge-fixing conditions (4.5) and Eq. (4.14), we find
Aα
β˙ = − i
4
DPαβ˙G−
1
4
e−G/6
(
D¯Pβ˙ + 1
3
iAβ˙
)
eG/6GiDPαΦi − 3f β˙α
=
i
4
(Gi∇αβ˙Φi −Gi∗∇αβ˙Φ¯i∗) + 1
4
Gij∗∇αΦi∇β˙Φ¯j∗ − 3
2
Gα
β˙.
(4.20)
In going to the second line, we have used DPαΦi = ∇αΦi and fαβ˙ = −Gαβ˙/2 which reads from the
curvature constraints after the gauge fixing. The second order derivative is modified by using
D¯Pβ˙DPαΦi + iAβ˙DPαΦi = ∇¯β˙∇αΦi = −2i∇αβ˙Φi = −2iDPαβ˙Φi, (4.21)
which also follows from (4.7) and the gauge-fixing conditions. Eq. (4.20) is regarded as determin-
ing Gα
β˙ in terms of the auxiliary A-gauge field Aa.
4.2 Correspondence to component approach
We here show the correspondence of superconformal gauge fixing between the superspace and
component approaches. First, note that the correspondences of the potentials and compensators
are as follows:
component superspace
Si, Σc, Σ0 Φ
i, Φc, Φ0
φ˜, φ 3e−K/3, 3e−G/3
g, G W, −G
(4.22)
The symbols in component approach are explained in section 2.1.
Let us see that the gauge-fixing conditions (4.5) in superspace are equivalent to the improved
D, A, S, Ka gauge conditions (2.27) in component approach. As discussed in section 3.3, the
component correspondence between the compensator multiplet Σ0 and the compensator superfield
Φ0 is
Σ0 = [ z0, PRχ0, h0 ] ↔
[
Φ0|, ∇αΦ0|, −14∇2Φ0|
]
. (4.23)
The gauge conditions (4.5) or its consequence (4.9) directly means the correspondence of the
gauge-fixed lowest components
z0 =
√
3φ−
1
2 (z, z∗) = e−G/6 ↔ Φ0∣∣ = eG/6∣∣. (4.24)
For the spinor components, the S-gauge condition in component approach and Eq. (4.17) in
superspace exactly agree with each other:
2χR0 = −2z0φ−1φiχRi = −1
3
e−G/6Gi(2χRi) ↔ ∇αΦ0
∣∣ = 1
3
eG/6Gi∇αΦi
∣∣. (4.25)
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The correspondence of the Ka gauge is trivial. Note that the S gauge condition in superspace
approach, Bα = 0, is used in deriving the spinor component of Φ
0 (4.17), which leads to the
correspondence (4.25). For the F components, the auxiliary field h0 in Σ0 is not gauge-fixed in
component approach. This corresponds to the fact in superspace that the F component of Φ0
contains the auxiliary part R¯ after the gauge fixing, as given in (4.18).
The virtue of gauge fixing in conformal superspace is two fold. The first is that it leads to
the superspace Poincare´ SUGRA directly and easily. The second is that it finds the supersym-
metry transformation in the resultant Poincare´ SUGRA in a straightforward way. Namely, the
remaining Poincare´ supersymmetry is just given by the covariant spinor derivatives DPα and D¯Pα˙.
In component approach, however, the remaining supersymmetry is deformed from the original
one by the requirement that it keeps the D, A, S, Ka gauge conditions intact, and explicitly
found in Ref. [7] by adding a complicated combination of the A, S, Ka gauge transformations
with non-trivial field-dependent parameters (2.28). We finally show this correspondence of the
Poincare´ supersymmetry after the gauge fixing, in particular, the covariant spinor derivative DPα
reproduces the deformed supersymmetry in component approach.
The Poincare´ spinor derivative (4.8) is related to the conformal one asDPα = ∇α+AαA+fαAKA
after the gauge fixing. The supersymmetry transformation in Poincare´ superspace defined by
ηαDPα is then given by the following linear combination of superconformal A, KA transformations
ηαDPα = ηα∇α + ξ(A)′(η)A+ ξ(K)′(η)αSα + ξ(K)′(η)aKa,
ξ(A)′(η) = ηαAα + η¯α˙A
α˙ =
i
4
Gjη
αDPαΦj −
i
4
Gj∗η¯α˙D¯P α˙Φ¯j∗,
ξ(K)′(η)α = η
βfβα + η¯β˙f
β˙
α = ηαR¯ +
1
2
Gα
β˙ η¯β˙ ,
ξ(K)′(η)α˙ = ηβfβ
α˙ + η¯β˙f
β˙α˙ = −η¯α˙R− 1
2
ηβGβ
α˙,
ξ(K)′(η)a = ηβfβ
a + η¯β˙f
β˙a.
(4.26)
Similarly, the Poincare´ Q transformation after the gauge fixing is written as
δG(η
αQPα) = δG(η
αQα) + δG(ξ(A)
′(η)A) + δG(ξ(K)
′(η)BKB) (4.27)
with the same parameters given in (4.26). We show this transformation is exactly the same as
the Q transformation (2.28) in component approach by examining the correspondence between
the transformation parameters (4.26) and (2.29). For the A transformation, the parameter in
superspace is
ξ(A)′(η)
∣∣ = 3
4
(
i
3
Gj(2η
α)
(
1
2
∇αΦj
)− i
3
Gj∗(2η¯α˙)
(
1
2
∇¯α˙Φ¯j∗)
)∣∣∣ (4.28)
Noticing the parameter correspondences 3
4
θ ↔ ξ(A)| and ε¯ ↔ 2 (ηα η¯α˙)| given in Table (3.2),
we find (4.28) agrees with θ(ε) of (2.29) in component approach. For the S transformation, the
above parameter ξ(K)′(η)α in superspace is rewritten by the other auxiliary fields with (4.18)
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and (4.20), and given by
ξ(K)′(η)α
∣∣ = (ηαR¯ + 1
2
η¯β˙Gα
β˙
)∣∣∣
=
−1
2
{
− 1
2
((−1
4
∇2Φ0) e−G/6 − 1
3
(−1
4
∇2Φi)Gi
)
(2ηα)
+
1
3
((
Gij +
1
3
GiGj
)
(2ηγ)
(
1
2
∇γΦj
)
+Gij∗(2η¯β˙)
(
1
2
∇¯β˙Φ¯j∗)
) (
1
2
∇αΦi
)
+
1
12
ec
m
(
Gi∇mΦi −Gi∗∇mΦ¯i∗
)
(iσc
αβ˙
(2η¯β˙)) +
i
4
ec
m
(
4
3
Am
)
(iσc
αβ˙
(2η¯β˙))
}∣∣∣,
(4.29)
which is the same as ζR(ε) of (2.29) in component approach with the correspondences of param-
eters and gauge fields given in Tables (3.2) and (3.3), especially ζ¯ ↔ −2(ξ(K)α, ξ¯(K)α˙)| and
3
4
Aµ ↔ Am|. A similar argument holds for ξ(K)′(η)α˙. Finally, we discuss the Ka transformation
part. Using fβa = −faβ which comes from the curvature constraints after the gauge fixing, we
have
fβa| = −eamfmβ |+ 1
2
ea
mψm
αfαβ|+ 1
2
ea
mψ¯mα˙f
α˙
β| . (4.30)
With this form at hand, the parameter ξ(K)′(η)a of (4.26) in superspace is rewritten as
(ηβfβa + η¯β˙f
β˙
a)| = 1
4
{
ea
m
(
(−2fmβ)(2ηβ) + (−2fmβ˙)(2η¯β˙)
)
− eamψmα
(−2(ηβfβα + η¯β˙f β˙α))
− eamψ¯mα˙
(−2(ηβfβα˙ + η¯β˙f β˙α˙))
}∣∣∣ .
(4.31)
The RHS is same as ξa(ε) of (2.29) in component approach with the correspondences of the S
gauge field given in Table (3.3) and the S transformation parameter discussed above.
5 Summary
In this paper, we have investigated the four-dimensional N = 1 conformal SUGRA in two different
approaches. One is the superconformal tensor calculus, developed in 1980’s [8] which uses the or-
dinary four-dimensional field theory. The other is the superspace formalism, recently constructed
in [9], which uses the conformal superspace and superfields.
Though there are apparent difference in supersymmetry transformation and superconformal
multiplets, we have shown that two approaches are completely equivalent, and clarified the cor-
respondences of superconformal generators (3.1), gauge fields (3.3), (3.8), curvatures (3.5), (3.7)
and their constraints (read from (3.10)), superconformal transformations (3.14), multiplet fields
(3.24), chiral projection (3.33), and invariant actions (3.37), (3.38).
The action in superspace formalism has a huge number of gauge invariance than the component
approach. Therefore the correspondence between two approaches should be clarified also for the
gauge fixing conditions. We make comprehensible how to obtain Poincare´ SUGRA and the
remaining supersymmetry by fixing the superconformal gauge symmetry in the general matter-
coupled SUGRA system.
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A Notations
In the component approach part in the text, we use the notation of KU [8], which is the same as
Ref. [10] except for two-component spinors and the dual of second rank anti-symmetric tensor.
In the superspace approach part, we use the notation of Wess and Bagger [13].
A.1 Notation in component approach
We use Roman letters for flat Lorentz indices, Greek letters µ, ν, . . . for curved vectors, and Greek
letters α, β, . . . for two-component spinors. We also use the Euclidian notation (the Pauli metric).
The metric and the totally anti-symmetric tensor are given by
δab = diag(1, 1, 1, 1), ε
1234 = 1. (A.1)
The gamma matrices satisfy
{γa, γb} = 2δab, (A.2)
and γ5 and σab are defined as
γ5 = γ1γ2γ3γ4 =
(
1 0
0 −1
)
, σab =
1
4
(γaγb − γbγa) =
(
(σab)α
β 0
0 (σ¯ab)
α˙
β˙
)
. (A.3)
The relation between four-component and two-component spinors is
Psi =
(
ψα
ψα˙
)
=
(
ψR
ψL
)
, Ψ¯ = ΨTC =
(
ψα ψα˙
)
=
(
ψ¯R ψ¯L
)
, (A.4)
C =
(−ǫαβ 0
0 ǫα˙β˙
)
, C−1 =
(
ǫαβ 0
0 −ǫα˙β˙
)
, (A.5)
where ǫαβ is the anti-symmetric tensor with ǫ12 = ǫ12 = 1. The raising and lowering rules of
spinor index are defined by
ψα = ǫαβψβ , ψα = ψ
βǫβα. (A.6)
The dual of anti-symmetric tensor Fab, and its self-dual and anti-self-dual parts are defined as
F˜ab :=
1
2
εabcdF
cd, F±ab :=
1
2
(Fab ± F˜ab). (A.7)
Using the relation σ˜ab = −γ5σab, we find
σabψR = σ
−
abψR, σabψL = σ
+
abψL, σ
abF±ab =
1∓ γ5
2
σabFab. (A.8)
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A.2 Notation in superspace approach
We use the indices a, b, ... for flat Lorentz vectors, α, β, ... for flat Lorentz spinors, m,n, ... for
curved vectors, and µ, ν, ... for curved spinors. The indices A,B, . . . are the sets of flat vectors
and spinors, and M,N, . . . the sets of curved vectors and spinors. We also use the Minkowski
metric. The metric and the totally anti-symmetric tensor are given by
ηab = diag(−1, 1, 1, 1), ε0123 = −ε0123 = 1. (A.9)
The standard contractions of two-component spinors are
ξψ = ξαψα, ξ¯ψ¯ = ξ¯α˙ψ¯
α˙, (A.10)
and the raising and lowering rules of index are defined by
ψα = ǫαβψβ, ψα = ǫαβψ
β, ψ¯α˙ = ǫα˙β˙ψ¯β˙ , ψ¯α˙ = ǫα˙β˙ψ¯
β˙, (A.11)
where ǫαβ and ǫα˙β˙ are the second-order anti-symmetric tensors with ǫ12 = ǫ21 = 1. The hermitian
conjugate of spinor is given by (ψα)
† = ψ¯α˙, and the hermitian conjugate rule for spinor product
is
(ξαψβ)
† = ψ¯β˙ ξ¯α˙. (A.12)
The four-dimensional Pauli matrices σa are defined as
(σ0, σ1, σ2, σ3)αβ˙ =
((
1 0
0 1
)
,
(
0 1
1 0
)
,
(
0 −i
i 0
)
,
(
1 0
0 −1
))
, (A.13)
and their hermitian conjugates are
(σ¯a)
α˙β = εα˙γ˙εβδ(σa)δγ˙ = (σa)
βα˙. (A.14)
With these matrices, any flat Lorentz vector Va can be expressed as a mixed spinor Vαβ˙ and vice
versa:
Vαβ˙ = (σ
a)αβ˙Va, V
a = −1
2
(σ¯a)β˙α Vαβ˙ . (A.15)
The matrices σab and σ¯ab are defined as
(σab)α
β =
1
4
(σaσ¯b − σbσ¯a)αβ, (σ¯ab)α˙β˙ =
1
4
(σ¯aσb − σ¯bσa)α˙β˙, (A.16)
and satisfy the relations
εabcd(σ
cd)α
β
= −2i(σab)αβ, εabcd(σ¯cd)α˙β˙ = 2i(σ¯ab)α˙β˙ . (A.17)
In two-component spinor notation, any anti-symmetric tensor Fab can be decomposed into chiral
and anti-chiral parts:
Fab = −(ǫσab)αβF−αβ + (σ¯abǫ)α˙β˙F+α˙β˙, (A.18)
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where
F−αβ =
1
2
(σabǫ)αβFab, F
+
α˙β˙
= −1
2
(ǫσ¯ab)α˙β˙Fab. (A.19)
The dual of anti-symmetric tensor Fab is defined as
(∗F )ab := 1
2
εabcdF
cd = i(ǫσab)
αβF−αβ + i(σ¯abǫ)
α˙β˙F+
α˙β˙
. (A.20)
The self-dual and anti-self-dual parts of Fab are
F±ab :=
1
2
(
Fab ∓ i(∗F )ab
)
, (A.21)
which coincide with the chiral and anti-chiral parts, respectively:
F−ab = −(ǫσab)αβF−αβ , F+ab = (σ¯abǫ)α˙β˙F+α˙β˙. (A.22)
A.3 Correspondence of notations
We summarize the correspondence of notations between component and superspace approaches:
component superspace
δab ηab
ǫαβ, ǫαβ ǫ
αβ , −ǫαβ
ǫα˙β˙, ǫα˙β˙ ǫ
α˙β˙, −ǫα˙β˙(
ψα
ψ¯α˙
)
,
(
ψα ψ¯α˙
) (ψα
ψ¯α˙
)
,
(
ψα ψ¯α˙
)
γa iγa = i
(
0 (σa)αβ˙
(σ¯a)
α˙β 0
)
γ5
(
1 0
0 −1
)
σab −
(
(σab)α
β 0
0 (σ¯ab)
α˙
β˙
)
εabcd −iεabcd
F˜ab −i(∗F )ab
F±ab F
±
ab
(A.23)
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B Q transformation of conformal multiplet
The supersymmetry Q transformation laws take the following form for the fields in a general
conformal multiplet [CΓ,ZΓ,HΓ,KΓ,BaΓ,ΛΓ,DΓ]:
δQ(ε)CΓ = 1
2
iε¯γ5ZΓ,
δQ(ε)ZΓ = (−)Γ1
2
(iγ5HΓ −KΓ − γaBaΓ + iγaDaCΓγ5)ε,
δQ(ε)HΓ = 1
2
iε¯γ5(γ
aDaZΓ + ΛΓ),
δQ(ε)KΓ = −1
2
ε¯(γaDaZΓ + ΛΓ),
δQ(ε)BaΓ = −1
2
ε¯(DaZΓ + γaΛΓ)− 1
4
iRbc(Q)γ5γa(ΣbcC)Γ,
δQ(ε)ΛΓ = (−)Γ1
2
(σabFabΓ + iγ5DΓ)ε
+
1
8
(
γcεRab(Q)γc(Σ
abZ)Γ + γ5γcεRab(Q)γ5γc(ΣabZ)Γ
)
,
δQ(ε)DΓ = 1
2
iε¯γ5γ
aDaΛΓ − 1
4
ε¯(Rab(A) + γ5R˜ab(A))(Σ
abZ)Γ
+ (−)Γ1
4
ε¯
(
iγ5(Σ
abγcBc)Γ − (ΣabγcDcC)Γ
)
(Rab(Q)C
−1)T .
(B.1)
This transformation law is called the standard form. The definition of FabΓ in the transformation
law of ΛΓ is
FabΓ = DaBbΓ −DbBaΓ + 1
2
iεabcd[D
c, Dd]CΓ. (B.2)
C Derivations of correspondence
C.1 Conformal multiplets with arbitrary Lorentz indices
In this subsection we explicitly derive the correspondences of conformal multiplets with arbitrary
Lorentz index, that is, between VΓ in component approach (Eq. (2.18)) and ΦΓ in superspace
approach (Eq. (2.53)). In the first place, the correspondence of the lowest components is obtained
by the property of superconformal transformations. There is an ambiguity for overall constant
factor, which is fixed by
CΓ ↔ ΦΓ|. (C.1)
We then obtain the correspondences of higher components by operating the Q transformations
in order. The action of Q transformation is given by the covariant spinor derivative since the
fields have only Lorentz indices. As given in Table (3.2), the correspondence of Q transformation
parameters is ε¯ ↔ 2 (ξ(P )α ξ¯(P )α˙) |. In the following, we simply denote the parameters in
superspace as
(
ξα ξ¯α˙
)
.
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The correspondence of the second components is obtained by the Q transformations of the
first components, namely,
δQ(ε)CΓ ↔ (ξα∇α + ξ¯α˙∇¯α˙)ΦΓ = 1
2
i
(
2ξα 2ξ¯α˙
)(1 0
0 −1
)(−i∇αΦΓ
+i∇¯α˙ΦΓ
)
. (C.2)
By comparing with δQ(ε)CΓ in (B.1) and using the correspondence of γ5 in Table (A.23), we find
ZΓ ↔
(−i∇αΦΓ
+i∇¯α˙ΦΓ
)∣∣∣. (C.3)
The correspondences of the other components are obtained in similar ways. The Q transforma-
tions of the second components are
δQ(ε)ZΓ ↔ (ξα∇α + ξ¯α˙∇¯α˙)
(−i∇βΦΓ
+i∇¯β˙ΦΓ
)
= (−)Γ1
2
(
1
4
(∇2ΦΓ + ∇¯2ΦΓ) i
(
δβ
α 0
0 −δβ˙ α˙
)
− 1
4
(−i)(∇2ΦΓ − ∇¯2ΦΓ)
(
δβ
α 0
0 δβ˙ α˙
)
−
(
− 1
4
(σ¯c)
γγ˙ [∇γ, ∇¯γ˙]ΦΓ
)
i
(
0 (σc)βα˙
(σ¯c)β˙α 0
)
+i
(
0 (σc)βγ˙
(σ¯c)β˙γ 0
)
∇cΦΓ i
(
δγ
α 0
0 −δγ˙ α˙
))(
2ξα
2ξ¯α˙
)
.
(C.4)
By comparing with δQ(ε)ZΓ in (B.1) and using the correspondence of gamma matrices in Table
(A.23), we find the correspondences of HΓ, KΓ, BaΓ as
HΓ ↔ 1
4
(∇2ΦΓ + ∇¯2ΦΓ)|, KΓ ↔ −1
4
i(∇2ΦΓ − ∇¯2ΦΓ)|,
BaΓ ↔ −1
4
(σ¯a)
β˙β[∇β , ∇¯β˙]ΦΓ|.
(C.5)
The Q transformation of HΓ implies
δQ(ε)HΓ ↔ (ξα∇α + ξ¯α˙∇¯α˙)
(
1
4
(∇2ΦΓ + ∇¯2ΦΓ)
)
=
1
2
i
(
2ξα 2ξ¯α˙
)(1 0
0 −1
)(
i
(
0 (σc)αβ˙
(σ¯c)α˙β 0
)
∇c
(−i∇βΦΓ
+i∇¯β˙ΦΓ
)
+
1
4
i
(−∇¯2∇αΦΓ + 8WαΦΓ
+∇2∇¯α˙ΦΓ + 8W α˙ΦΓ
))
.
(C.6)
Here we have used the identities
∇α∇¯2 − ∇¯2∇α + 4i∇αβ˙∇¯β˙ + 8Wα = 0,
∇¯α˙∇2 −∇2∇¯α˙ + 4i∇α˙β∇β − 8W α˙ = 0.
(C.7)
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These identities are shown by evaluating (anti-)commutators of covariant derivatives. By com-
paring with δQ(ε)HΓ in (B.1), we find
ΛΓ ↔ i
4
(−∇¯2∇αΦΓ
+∇2∇¯α˙ΦΓ
)∣∣∣+ 2i
(Wα
W α˙
)
ΦΓ|, (C.8)
The correspondence of the ΛΓ component can also be obtained by the Q transformation of KΓ or
BaΓ, which is found to be consistent with (C.8).
Finally, the Q transformation of ΛΓ leads to the correspondence of the DΓ component. For
the undotted spinor in ΛΓ, the Q transformation is found from (C.8),
δQ(ε)ΛΓα ↔ (ξβ∇β + ξ¯β˙∇¯β˙)
(−i
4
∇¯2∇αΦΓ + 2iWαΦΓ
)
= ξβ(σab)βα (∇aBbΓ −∇bBaΓ − i[∇a,∇b]ΦΓ)
+ iξα
(
1
8
∇β∇¯2∇βΦΓ −Wβ∇βΦΓ
)
+ 2iξ¯β˙(R(P )cd)αM
dc∇¯β˙ΦΓ.
(C.9)
In the second line, we have introduced the superfield BaΓ made from the original ΦΓ as
BaΓ = −1
4
(σ¯a)
β˙β[∇β, ∇¯β˙]ΦΓ, (C.10)
whose lowest component matches BaΓ in component approach as given in (C.5). For the dotted
spinor in ΛΓ, a similar expression holds. We then have the correspondence
δQ(ε)ΛΓ ↔ (ξβ∇β + ξ¯β˙∇¯β˙)
(
i
4
(−∇¯2∇αΦΓ
+∇2∇¯α˙ΦΓ
)
+ 2i
(Wα
W α˙
)
ΦΓ
)
= (−)Γ 1
2
(−1)
(
(σab)α
γ
0
0 (σ¯ab)α˙γ˙
)(
∇aBbΓ −∇bBaΓ + 1
2
εabcd[∇c,∇d]ΦΓ
)(
2ξγ
2ξ¯ γ˙
)
+ (−)Γ 1
2
i
(
1 0
0 −1
)(
1
8
∇¯β˙∇2∇¯β˙ΦΓ +Wβ˙∇¯β˙ΦΓ
)(
2ξα
2ξ¯α˙
)
+
1
8
i
(
0 (σc)αβ˙
(σ¯c)
α˙β 0
)(
2ξβ
2ξ¯β˙
)
× (−2) ((R(P )ab)δ (R(P )ab)δ˙) i
(
0 (σc)δγ˙
(σ¯c)δ˙γ 0
)
(−Mab)
(−i∇γΦΓ
+i∇¯γ˙ΦΓ
)
+
1
8
i
(
0 (σc)αβ˙
−(σ¯c)α˙β 0
)(
2ξβ
2ξ¯β˙
)
× (−2) ((R(P )ab)δ (R(P )ab)δ˙) i
(
0 (σc)δγ˙
−(σ¯c)δ˙γ 0
)
(−Mab)
(−i∇γΦΓ
+i∇¯γ˙ΦΓ
)
.
(C.11)
In this modification, we have used the relations (A.17), the identity (3.25), and the equation
{∇¯α˙,W α˙}ΦΓ = −12∇α∇βγ˙WβαγKγγ˙ΦΓ = 0 for a primary superfield ΦΓ. By comparing with
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δQ(ε)ΛΓ in (B.1) and the definition (B.2), we find
DΓ ↔ 1
8
∇¯α˙∇2∇¯α˙ΦΓ|+Wα˙∇¯α˙ΦΓ| = 1
8
∇α∇¯2∇αΦΓ| −Wα∇αΦΓ|, (C.12)
and the correspondence
FabΓ ↔ (∇aBbΓ −∇bBaΓ) |+ 1
2
εabcd[∇c,∇d]ΦΓ|. (C.13)
That completes the correspondence of the components in a conformal multiplet, which is sum-
marized in Table (3.24).
The Q transformation of DΓ is a non-trivial consistency check and explicitly calculated as
δQ(ε)DΓ ↔ (ξα∇α + ξ¯α˙∇¯α˙)
(
1
8
∇¯β˙∇2∇¯β˙ΦΓ +Wβ˙∇¯β˙ΦΓ
)
=
1
2
i
(
2ξα 2ξ¯α˙
)(1 0
0 −1
)
i
(
0 (σa)αβ˙
(σ¯a)α˙β 0
)
∇a
(
i
4
(−∇¯2∇βΦΓ
+∇2∇¯β˙ΦΓ
)
+ 2i
(Wβ
W β˙
)
ΦΓ
)
− 1
4
(
2ξα 2ξ¯α˙
)(−4
3
)(
R(A)ab +
(
1 0
0 −1
)
(−i)(∗R(A))ab
)
(−Mab)
(−i∇αΦΓ
+i∇¯α˙ΦΓ
)
+
1
4
(−)Γ (2ξα 2ξ¯α˙) i
(
1 0
0 −1
)(
−Mab i
(
0 (σc)αβ˙
(σ¯c)α˙β 0
)
BcΓ
)
(−2)
(
(R(P )ab)β
(R(P )ab)
β˙
)
− 1
4
(−)Γ (2ξα 2ξ¯α˙)
(
−Mab i
(
0 (σc)αβ˙
(σ¯c)α˙β 0
)
∇cΦΓ
)
(−2)
(
(R(P )ab)β
(R(P )ab)
β˙
)
.
(C.14)
In this modification, we have used the relations {∇¯β˙,W β˙}∇αΦΓ = −12 ∇β∇γγ˙WγβδKδγ˙∇αΦΓ = 0
and W(K)β˙ cKc∇¯β˙∇αΦΓ = 0. Noticing the correspondences of generators, curvatures, gamma
matrices, lower components given in section 3 and above, we find that this form exactly agrees
with δQ(ε)DΓ in (B.1).
C.2 Chiral projection
In this subsection, we show the correspondence of the chiral projection between two approaches.
In component approach, the chiral projection operator Π acts on a conformal multiplet VΓ with
special weights and index, and gives a chiral multiplet ΠVΓ whose component expression is ex-
plicitly given in (2.23). In superspace approach, the chiral projection operator P is defined by
the superconformal covariant derivative as P = −1
4
∇¯2 and gives a chiral superfield PΦΓ from
a primary superfield ΦΓ with special weights and index. In particular, Γ should be made of
purely undotted spinor indices. When one matches VΓ with ΦΓ, the correspondence of the chiral
projection is
ΠVΓ ↔ −PΦΓ = 1
4
∇¯2ΦΓ. (C.15)
In what follows, we show this correspondence explicitly by component level, namely, each com-
ponent of the chiral superfield 1
4
∇¯2ΦΓ coincide with (2.23) in component approach.
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For a general chiral superfield, its components which should match to those of the correspond-
ing chiral multiplet are given in (3.31). First, the lowest component of 1
4
∇¯2ΦΓ is
1
4
∇¯2ΦΓ| = 1
2
(
1
4
(∇2ΦΓ + ∇¯2ΦΓ)| − i
(
− 1
4
i(∇2ΦΓ − ∇¯2ΦΓ)|
))
. (C.16)
We find from (C.5) that the RHS just corresponds to 1
2
(HΓ − iKΓ) in component approach, which
is the lowest component of the chiral multiplet ΠVΓ as shown in (2.23).
The second component of chiral superfield is given by its covariant derivative, and for 1
4
∇¯2ΦΓ,
it becomes
∇α
(1
4
∇¯2ΦΓ
)∣∣∣ = i(i(σa)αβ˙∇a(i∇¯β˙ΦΓ)| − i4∇¯2∇αΦΓ|+ 2iWαΦΓ|
)
, (C.17)
where the identity (C.7) has been used. By comparing with the component correspondences (C.3)
and (C.8), we find the RHS reads iPR(γaDaZΓ + ΛΓ) in component approach, which is exactly
the second component of ΠVΓ given in (2.23).
Finally the highest component of the chiral superfield 1
4
∇¯2ΦΓ is
−1
4
∇2
(1
4
∇¯2ΦΓ
)∣∣∣ = −1
2
(
1
8
∇¯α˙∇2∇¯α˙ΦΓ|+∇a∇aΦΓ|+ i∇a
(
−1
4
(σ¯a)α˙α[∇α, ∇¯α˙]ΦΓ
)∣∣) , (C.18)
where we have used the identity (3.34), and the equation Wα˙∇¯α˙ΦΓ = 0 which holds on a primary
ΦΓ with purely undotted Γ, namely, Wα˙∇¯α˙ΦΓ = {∇¯α˙,Wα˙}ΦΓ = 12∇α∇βγ˙WβαγKγγ˙ΦΓ = 0 sinceWα˙ΦΓ = 0 for such ΦΓ. By comparing with the correspondence of BaΓ in (C.5) and also (C.12)
noting again Wα˙∇¯α˙ΦΓ = 0, the RHS of (C.18) corresponds to −12(DΓ + CΓ + iDaBaΓ) in
component approach, which is the highest F component of ΠVΓ as shown in (2.23).
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